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1. Introduction

In this paper we present discrete dualities between some classes of Boolean algebras or their reducts, additionally en-
dowed with a binary relation, and the appropriate classes of relational systems (frames). We consider two types of algebras
with relations: those studied in connection with spatial reasoning where the relations describe relationships between space
regions, and those considered in theories of Aristotelian syllogistic presented in [1] where the relations represent statements
of the form “All (resp. some) a are b”.

For an overview of recent developments in the region based theory of space and related topics we invite the reader to
consult [2] or [3].

By a discrete duality [4] we mean a system (Alg, Frm, €m, €f) where Alg is a class of algebras, Frm is a class of frames,
¢m: Frm — Alg is a mapping assigning to every frame X in Frm its complex algebra €m(X) in such a way that €m(X)
belongs to Alg, €f: Alg— Frm is a mapping assigning to every algebra L in Alg its canonical frame €f(L) in such a way that
¢f(L) belongs to Frm, and the following two representation theorems hold:

1. Representation theorem for algebras: Every L in Alg is embeddable into €m(&f(L)).
2. Representation theorem for frames: Every X in Frm is embeddable into €f(€m(X)).

In the literature there are some topological representation theorems for algebras of spatial reasoning, see for exam-
ple [5,6], but no corresponding abstract frames are considered, only the structures which - in terms of the notions used in
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the definition of discrete duality (dd-notions) - are counterparts to canonical frames endowed with a topology are intro-
duced. In [7] a discrete representation theorem for Boolean proximity algebras is presented, but there is no a representation
theorem for frames. In [1] a necessary and sufficient condition is given for obtaining a representation theorem for syllogistic
algebras, saying that every such algebra is embeddable into the algebra which - in terms of dd-notions - is the complex
algebra of a frame. In the present paper we develop discrete representations for some of those algebras, introduce the
corresponding classes of frames, and prove representation theorems for them.

In Section 3 we present a discrete duality for Boolean algebras endowed with a proximity relation and their correspond-
ing frames. Following [7], the canonical frames are constructed with prime filters - as usual in the Stone representation
theorem for Boolean algebras.

In Section 4 a discrete duality for Boolean algebras with a contact relation and the appropriate frames is developed.
In this case the canonical frames are constructed with clans as in [6].

In Section 5 a discrete representation theorem is presented for a syllogistic V-algebra with the relation representing the
universal quantifier with a restricted scope as considered in [1].

In Section 6 a discrete representation theorem for V3-frames is developed. The representation structure is built with an
algebra with relations representing both the universal and existential quantifiers of restricted scope presented in [1].

2. Notation and first definitions

If R, S are binary relations on X, then R;S = {{a,c): (3b)[aRb and bSc]} is the relational product of R and S, and R" =
{{(a, b): bRa} is the converse of R.

A frame is a pair (X, R), where X is a nonempty set and R is a binary relation on X. Since the frames needed for estab-
lishing a discrete duality for Boolean algebras are just nonempty sets, in this paper we also allow for such a “degenerate”
notion of frame. For a frame (X, R) we set R(x) = {y: xRy}, and define two operators on 2X by

(R)(A)={xe X: @y e X)[xRy Ay € Al} = {x€ X: R(x) N A # ¥}, (1)
[RI(A)={x e X: (Yy € X)[xRy = y € A]} = {x € X: R(x) C A}. (2)

The following properties of (R) and [R] are well known, see [8]:

Lemma 2.1.

1. (R) is a normal operator which distributes over U.
2. (R) and [R] are dual to each other, i.e. [R](A) = X \ (R)(X \ A).
3. (R) is a closure operator if and only if [R] is an interior operator if and only if R is reflexive and transitive.

For the definition of closure and interior operator see [9].

If < is a partial order on X, we call x, y € X compatible, if there is some z such that x <z and y < z, otherwise, they
are called incompatible. We can consider (<) and [<] as topological operators of closure and interior. If A C X, we let
A ={y: 3x)[xe A and x < y]}. If A= {x} we often just write 1x instead of 1{x}. We define | A analogously.

The order topology t< on X generated by < (also called the Alexandrov topology) has the sets of the form [<](A) as a basis
for the open sets. Since [<] is an interior operator, T< is well defined; indeed, T is closed under arbitrary intersections.
Since for each x € X, 1x is the smallest open set containing x, we see that the set {tx: x € X} U {#} also is a basis for 7.
RegCl(X, T¢), the collection of regular closed sets in this topology, consists of sets of the form (<)[<](Y) for Y C X.

The operations on a Boolean algebra are denoted by A (meet), v (join), — (complement), 0 (minimum), and 1 (max-
imum); in particular, if R is a binary relation on X, then —R is its complement in the Boolean set algebra with uni-
verse 2X*X_ We reserve the symbol — for negation in syllogistic structures.

3. Adiscrete duality of proximity algebras and frames

In this section we show how the representation of proximity algebras of [7] fits into our framework. In this context,
we call a structure (X, R) a proximity frame, if X is a nonempty set and R is a binary relation on X.

Suppose that B is a Boolean algebra. A binary relation § on B is called a proximity if it satisfies the following for all
a,b,ceB:

Proxi. adb implies a #0 and b # 0.
Proxy. ad(b v c) if and only if asb or aéc.
Proxs. (@aVv b)dc if and only if adc or béc.
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