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ARTICLE INFO ABSTRACT

Ke;{words: A We introduce a new string matching problem called order-preserving matching on numeric
String matcl_ung strings, where a pattern matches a text if the text contains a substring of values whose
Numeric string relative orders coincide with those of the pattern. Order-preserving matching is applicable

Order relation

Multiple pattern matching
KMP algorithm
Aho-Corasick algorithm

to many scenarios such as stock price analysis and musical melody matching in which
the order relations should be matched instead of the strings themselves. Solving order-
preserving matching is closely related to the representation of order relations of a numeric
string. We define the prefix representation and the nearest neighbor representation of the
pattern, both of which lead to efficient algorithms for order-preserving matching. We
present efficient algorithms for single and multiple pattern cases. For the single pattern
case, we give an O (nlogm) time algorithm and optimize it further to obtain O (n+mlogm)
time. For the multiple pattern case, we give an O (nlogm) time algorithm.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

String matching is a fundamental problem in computer science and has been extensively studied. Sometimes a string
consists of numeric values instead of characters in an alphabet, and we are interested in some trends in the text rather
than specific patterns. For example, in a stock market, analysts may wonder whether there is a period when the share
price of a company dropped consecutively for 10 days and then went up for the next 5 days. In such cases, the changing
patterns of share prices are more meaningful than the absolute prices themselves. Another example is melody matching
between two musical scores. A musician may be interested in whether her new song has a melody similar to well-known
songs. As many variations are possible in a melody where the relative heights of pitches are preserved but the absolute
pitches can be changed, it would be reasonable to match relative pitches instead of absolute pitches to find similar musical
phrases.

An order-preserving matching can be helpful in both examples, because a pattern is matched with the text if the text
contains a substring of values whose relative orders coincide with those of the pattern. For example, in Fig. 1, pattern
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T[4..11] is
matched with P

T" 11 15 33 21 24 50 29 36 73 85 63 69 78 88 44 62
o) 1 2 6 3 4 9 5 7 131511 1214 16 8 10

Fig. 1. Example of pattern and text.

P = (33,42,73,57,63,87,95,79) is matched with text T since the substring (21, 24, 50, 29, 36, 73, 85, 63) in the text has
the same relative orders as the pattern. In both strings, the first characters 33 and 21 are the smallest, the second characters
42 and 24 are the second smallest, the third characters 73 and 50 are the 5-th smallest, and so on. If we regard prices of
shares, or absolute pitches of musical notes, as numeric characters of the strings, both examples above can be modeled as
order-preserving matching.

Solving order-preserving matching is closely related to representations of order relations of a numeric string. If we replace
each character in a numeric string by its rank in the string, then we can obtain a (natural) representation of order relations.
But this natural representation is not amenable to developing efficient algorithms because the rank of a character depends
on the substring in which the rank is computed. Hence, we define the prefix representation of order relations, which leads
to an O(nlogm) time algorithm for order-preserving matching, where n and m are the lengths of the text and the pattern,
respectively. Surprisingly, however, there is an even better representation, called the nearest neighbor representation, with
which we were able to develop an O (n + mlogm) time algorithm.

In this paper, we define a new class of string matching problem, called order-preserving matching, and present efficient
algorithms for single and multiple pattern cases. For the single pattern case, we propose an O (nlogm) algorithm based on
the Knuth-Morris-Pratt (KMP) algorithm [18,20], and optimize it further to obtain O(n 4+ mlogm) time. For the multiple
pattern case, we present an O (nlogm) algorithm based on the Aho-Corasick algorithm [1].

Related work: Norm matching and (8, y)-matching have been studied to search for similar patterns of numeric strings.
In norm matching [8,25,2,28], each text substring and the pattern is matched if the L, distance is less than the predefined
value for some given p. In (8, y)-matching [12,19,16,15,23,24,26], two parameters § and y are given, and two numeric
strings of the same length are matched if the maximum difference of the corresponding characters is at most § and the
total sum of differences is at most y. Several variants were studied to allow for don’t care symbols [17], transposition-
invariant [23] and gaps [13,14,21]. On the other hand, some generalized matching problems such as parameterized match-
ing [10,7], less than matching [6], swapped matching [3,27], overlap matching [5], and function matching [4,9] are studied
extensively where matching relations are defined differently so that some properties of two strings are matched instead of
exact matching of characters. However, none of this prior work addresses the order relations, which we focus on in this paper.

2. Problem formulation
2.1. Notations

Let X denote the set of numbers such that a comparison of two numbers can be done in constant time, and let X*
denote the set of strings over the alphabet X. Let |x| denote the length of a string x. A string x is described by either a
concatenation of characters x[1]-x[2]- --- - x[|x]] or as a sequence of characters (x[1], x[2], ..., x[|x|]) interchangeably. For a
string x, let a substring x[i..j] be (x[i], x[i + 1],...,x[j]) and the prefix x; be x[1..i]. The rank of a character c in string x is
defined as ranky(c) =1+ [{i: x[i] <c for 1 <i < |x|}|. For simplicity, we assume that all the numbers in a string are distinct.
When a number occurs more than once in a string, we can extend our character definition to a pair (character, index) so
that the characters in the string become distinct.

2.2. Natural representation of order relations

For a string x, the natural representation of the order relations can be defined as o (x) = ranky(x[1]) - ranky(x[2]) - --- -
ranky (x[|x|]).
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