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concept appears in the context of social networks. It is known that the problem of finding a
2-role assignment of chordal graphs can be solved in linear time and that deciding whether
a graph of this class admits a k-role assignment, for any fixed k > 3, is NP-complete. In
this work, we investigate this problem on split graphs, a subclass of chordal graphs. We

Keywords: characterize the split graphs admitting a 3-role assignment. Such result leads to a linear
Algorithms time algorithm for this case. Furthermore, we prove that deciding whether a split graph
NP-complete problems has a k-role assignment is NP-complete for any fixed k > 4.
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1. Introduction

We consider undirected finite graphs having no multiple edges. Given a graph G, we denote its vertex set by V(G) and
its edge set by E(G). The cardinality of V(G) is the order of G. For sets? S, T C V(G), we denote by G[S] the subgraph of
G induced by S; and the neighborhood of S in G is Ng(S) ={u:u € V(G) and there is v € S such that uv € E(G)}. We also
denote N7(S) =T N N¢(S). If S is a singleton, for instance S = {v}, we can write N7(v) instead of N1 (S). If every two
vertices of G[S] are adjacent (respectively, not adjacent), S is called a clique of G (respectively, an independent set of G).

Given two graphs G and R, the former having no loops and the latter possibly having loops, a homomorphism from G
to R is a function r: V(G) — V(R) such that r(u)r(v) € E(R) whenever uv € E(G). We call G the guest graph and R the
host graph. It is interesting to note that graph homomorphisms [18] generalize graph colorings, one of the most important
research topics in graph theory [2]. If a homomorphism r is surjective and the restriction of r to the neighborhood of each
u €V, ie, the function ry : Ng(u) — Ng(r(u)), is surjective, then r is said to be a locally surjective homomorphism from G to
R or an R-role assignment of G. For k = |V (R)|, we say that r is a k-role assignment of G.

Role assignments were introduced in [10] under the name of role colorings and are also known as color dominations [19].
Applications to this problem can be found in social networks [10,23,24] and distributed computing [4,5]. The problem of
deciding whether G admits an R-role assignment is called R-ROLE AsSIGNMENT.> The complexity of R-ROLE ASSIGNMENT was
totally classified for general graphs in [11] where it was proved that this problem is NP-complete even for bipartite graphs.
For trees, R-ROLE ASSIGNMENT is solvable in polynomial time for any fixed R [12]. A polynomial time solution for ROLE
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ASSIGNMENT, a stronger version of R-ROLE ASSIGNMENT which receives as input both graphs G and R, was presented in [17]
for unit interval graphs. Recently, it was shown [6] that this problem is NP-complete if G has pathwidth at most 4 while it
can be solved in polynomial time if we bound the treewidth of G and at the same time bound the maximum degree of G
or R.

The problem of deciding whether G admits a k-role assignment is known as k-ROLE AsSIGNMENT. For general graphs,
k-ROLE ASSIGNMENT was shown to be NP-complete in [24] for k =2, and in [11] for any fixed k > 3. For chordal graphs,
such problem was shown to be solvable in linear time if k =2 and to be NP-complete for every fixed k > 3 in [20].
A characterization of indifference graphs, a subclass of chordal graphs, admitting a 2-role assignment was given in [25]. In
this work, we investigate the k-ROLE ASSIGNMENT problem on split graphs, another subclass of chordal graphs.

Contribution and paper organization. A graph G is split if V(G) can be partitioned into one clique C and one independent
set I. A split partition (C,I) can be obtained in linear time [16]. This class also admits a characterization by forbidden
subgraphs, namely, a graph is split if and only if it does not have an induced subgraph isomorphic to a cycle with 4
vertices, a cycle with 5 vertices, or a pair of disjoint edges [13]. Despite its simple definition, some important problems are
NP-complete on split graphs, like DOMINATING SET [3,8], HAMILTONIAN cYCLE [22], and MAxiMuM CuT [1]. An entire chapter
is dedicated to this class in the book [15]. It is interesting to observe that split graphs form a subclass of chordal graphs, a
class for which k-ROLE ASSIGNMENT is totally solved [20].

In this work, we show that finding a k-role assignment for a split graph can be done in linear time if and only if k is
at most 3, unless P = NP. We begin showing that a 2-role assignment is always possible for a split graph. Let G be a split
graph with split partition (C, I). If G is disconnected, consider a split partition in which C is maximum and assign role 1
to the isolated vertices and role 2 to the remaining ones; otherwise, consider a split partition in which I is maximum and
assign role 1 to all vertices of C and role 2 to all vertices of I. Note that, for these 2-role assignments, it holds E(R) = @
if E(G) =9; E(R) ={22} is disconnected and E(G) # &; E(R) = {12} if G is connected and |C| =1; and E(R) = {11, 12}
otherwise.

In Section 2, we study the behavior of some role assignments when restricted to subgraphs of the graph. In Section 3,
we present a characterization of split graphs admitting a 3-role assignment. Such characterization leads to a linear time
algorithm for finding a 3-role assignment of a split graph if one exists. In Section 4, we prove that k-ROLE ASSIGNMENT is
NP-complete for any fixed k > 4.

2. Some properties of role assignments on general graphs

In this section, we see some properties of role assignments that will be useful in the sequel. These properties hold for
graphs in general and not only for split graphs. We begin recalling a basic property of homomorphisms.

Lemma 1. [18] If f is a homomorphism from G to H, then the distance from f(u) to f(v) is at most the distance from u to v for any
vertices u, v € V(G).

The following result is direct from the previous one.
Corollary 1. If G is a connected graph, then the host graph of every role assignment of G is also connected.

The next result shows that, for every k-role assignment of a connected graph G and v € V(G), there is a connected
subgraph of G of order k containing v such that all roles all represented.

Lemma 2. If G is a connected graph and r a k-role assignment of G, then, for every vertex v € V(G), there is a set S C V (G) such that
|S|=k, v eS, r(u)#r(w) forany u,w € V(S), and G[S] is connected.

Proof. For any v € V(G), we show how to find a set S C V(G) of size k containing v such that r(u) #r(u’) for any u,u’ € S
and G[S] is connected. Initially, set S = {v}. Next, while there exist vertices not marked in S, choose and mark one of them,
say u, and then, for each y € Ng(r(u)) such that no vertex with role y was added to S yet, add to S one vertex of N¢(u)
with role y.

We show that S is the wanted set. Graph G[S] is connected because a vertex is added to S only if it is adjacent to one
previously added to S. Furthermore, since at most one vertex of every role was added to S, it holds |S| <k.

Now, suppose for contradiction that |S| < k. By Lemma 1, R is a connected graph. This means that there is xx’ € E(R)
such that there is w € S with r(w) = x and none w’ € S with r(w’) = X'. Now, consider the iteration of the algorithm
used to construct S in which w was chosen as a vertex of S not marked yet. Since X' € Ng(x) = Nr(r(w)) and S has no
vertices with role x/, some vertex with role x’ belonging to N¢(u) must be added to S. Since w’ is a vertex satisfying these
properties, we have a contradiction. O

Now, we see that if r is an R-role assignment of G, S C V(R), and V' is the set of vertices of G having role assignment
in S, then the restriction of r to the vertices of V' is an R[S]-role assignment of G[V’].
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