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We consider the bracing problem of a square grid framework possibly with holes 
and present an efficient algorithm for making the framework infinitesimally rigid by 
augmenting it with the minimum number of diagonal braces. This number of braces 
matches the lower bound given by Gáspár, Radics and Recski [2]. Our contribution extends 
the famous result on bracing the rectangular grid framework by Bolker and Crapo [1].

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Bolker and Crapo gave a necessary and sufficient condition in their seminal paper [1] for an m ×n square grid framework 
with some diagonal braces of unit grid squares to be infinitesimally rigid. They defined a bipartite graph corresponding to 
the square grid framework with some diagonal braces such that the infinitesimal rigidity of the framework can be tested 
by checking the connectivity of the graph. In particular, the minimum number of diagonal braces that are necessary and 
sufficient to make the m × n square grid framework infinitesimally rigid is m + n − 1 (see Fig. 1).

Radics and Recski [6] studied the case with holes where the outer boundary of the square grid framework is a simple 
rectilinear polygon, and long diagonal bars as well as cables can be used. They showed a lower bound for the number of 
diagonal bars and cables required to make the framework rigid; this bound matches the one for the case where only short 
braces (diagonal edges of unit grid squares) are allowed. However, in this case, they noted that the characterization based 
on a bipartite graph is no longer valid.

Gáspár, Radics and Recski [2] studied the case with holes where the outer boundary is rectangular, and derived a nec-
essary and sufficient condition in terms of the rank of a certain matrix for an m × n square grid framework with some 
diagonal braces of unit grid squares to be infinitesimally rigid. The advantage of using the matrix introduced by [2] is that 

✩ A preliminary version of this paper appeared in the proceedings of COCOA 2014 [4].
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Fig. 1. A braced m × n square grid framework and the corresponding bipartite graph.

the matrix size is much reduced compared with using the original rigidity matrix, which helps to substantially reduce the 
running time for checking the rigidity. The paper [2] mentioned that the result can be generalized to the case where the 
outer boundary is a rectilinear simple polygon. However, the details were not given.

Although not clearly stated, the paper [6] mentioned that the above necessary and sufficient condition implies a lower 
bound on the number of diagonal bars and/or cables that are necessary to make the framework infinitesimally rigid, which 
is stated as

(#{row and column segments}) − 2(#{holes}) − 1 (1)

where row and column segments will be defined later.
In this paper, we consider the case where short diagonal bars connecting opposite corners of a unit square (simply called 

braces) are used, and generalize the previous results in the following three directions.

1. We consider the case where there is no hole, but the outer boundary of the square grid polygon is a general rectilinear 
polygon. For this case, we shall give a characterization based on a bipartite graph which is the same as the one in [1].
2. For the case with holes, we observe that it is not possible to generalize the characterization in [1]. However, for this case 
we shall show a lower bound on the number of braces required to make the square grid framework infinitesimally rigid 
which matches the one obtained in [2].
3. We shall propose an algorithm for bracing a square grid framework using the minimum number of braces and matching 
the lower bound.

The motivation of the work by Bolker and Crapo [1] was finding a way to add braces to a one-story building to make it 
rigid. In view of this, it is a very important issue to investigate the bracing problem of grid frameworks with holes because 
walls and/or ceilings may have holes such as windows.

The rest of this paper is organized as follows. Section 2 introduces the necessary definitions and notations. Section 3
considers the case of a square grid framework with no holes such that the outer boundary is a general rectilinear polygon, 
and gives a characterization based on a bipartite graph which generalizes the result by [1]. Sections 4 and 5 consider the 
case of a square grid framework with holes such that the outer boundary is a general rectilinear polygon. In Section 4, we 
first show that the characterization using a bipartite graph is no longer possible, and then we give a lower bound on the 
number of braces required to make the framework rigid. Section 5 proposes an algorithm that adds the minimum number 
of braces required to make the framework rigid.

2. Preliminaries

We define a grid framework as a connected two-dimensional bar-joint framework which can be viewed as a union of unit 
grid squares. More formally, suppose we are given a rectilinear simple polygon P with holes H1, H2, . . . , Hh such that all 
vertices are located at the integer grid. We assume that (i) the area of every hole is at least two, (ii) the outer face of P
and any hole H j do not share any vertex, and (iii) any two distinct holes do not share any vertex. Let B0 denote the outer 
boundary of P (i.e., the enclosing cycle of P ) and let Bi (for i = 1, 2, . . . , h) denote the boundary of Hi . Since all vertices are 
on integer grid points, the interior of P is decomposed into unit grid squares. We add all such unit grid squares (i.e., their 
vertices and edges) to the interior of P . The resulting framework is a grid framework which is denoted by F (see Fig. 2). 
We regard it as a bar-joint framework in which every edge is a rigid bar and every vertex is a universal joint (free joint) 
(see [7]). Let V and E denote the set of vertices and edges of F , respectively. Let S denote the set of squares of F . For any 
grid framework X , let V X and E X be the set of vertices and edges of X , respectively.

We define the set of upper boundary squares, denoted by Su , as the set of squares s of S such that the upper edge of s
is not shared with any other square of S (see Fig. 3(a)). Let m = |Su |. Similarly, we define the set of left boundary squares Sl , 
and let n = |Sl| (see Fig. 3(b)). For i with 0 ≤ i ≤ h, let Sui be the set of upper boundary squares whose upper edge is on 
the hole boundary Bi . Let mi = |Sui| for 0 ≤ i ≤ h. From our assumptions, the sets Sui (0 ≤ i ≤ h) are mutually disjoint, and 
thus m = ∑h

i=0 mi holds. For i with 0 ≤ i ≤ h, let Sli be the set of left boundary squares whose left edges are on Bi . Let 
ni = |Sli | for 0 ≤ i ≤ h. Notice that the sets Sli (0 ≤ i ≤ h) are mutually disjoint, and thus n = ∑h

i=0 ni holds.
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