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equivalent, if, for all words v of length at most m, the binomial coefficients of x and v and
respectively, y and v are equal. The m-binomial complexity of an infinite word x maps an

Ic(gjm;ist'orics on words integer n to the number of m-binomial equivalence classes of factors of length n occurring
Abelian equivalence in x. We study the first properties of m-binomial equivalence. We compute the m-binomial
Binomial coefficient complexity of two classes of words: Sturmian words and (pure) morphic words that are
Factor complexity fixed points of Parikh-constant morphisms like the Thue-Morse word, i.e., images by the
Sturmian words morphism of all the letters have the same Parikh vector. We prove that the frequency of
Thue-Morse word each symbol of an infinite recurrent word with bounded 2-binomial complexity is rational.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In the literature, many measures of complexity of infinite words have been introduced. One of the most studied is the
factor complexity py counting the number of distinct blocks of n consecutive letters occurring in an infinite word x € AN
[8,9]. In particular, Morse-Hedlund theorem gives a characterization of ultimately periodic words in terms of bounded factor
complexity. Sturmian words have a null topological entropy and are characterized by the relation px(n) =n+1 for all n > 0.
Abelian complexity counts the number of distinct Parikh vectors for blocks of n consecutive letters occurring in an infinite
word, i.e., factors of length n are counted up to abelian equivalence [19]. Related to Van der Waerden theorem, we can also
mention the arithmetic complexity [2] mapping n > 0 to the number of distinct subwords X;Xip - - - Xit+n—1)p built from n
letters arranged in arithmetic progressions in the infinite word x, i > 0, p > 1. In the same direction, one can also consider
maximal pattern complexity [10].

As a generalization of abelian complexity, the k-abelian complexity was recently introduced through a hierarchy of
equivalence relations, the coarsest being abelian equivalence and refining up to equality. We recall these notions.

Let k € NU {+o00} and A be a finite alphabet. As usual, |u| denotes the length of u and |u|x denotes the number of
occurrences of the word x as a factor of the word u. Karhumadki et al. [11] introduce the notion of k-abelian equivalence of
finite words as follows. Let u, v be two words over A. We write u ~,p v if and only if |u|y = |v|x for all words x of length
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|x| < k. In particular, u ~4p 1 v means that u and v are abelian equivalent, i.e., u is obtained by permuting the letters in v. In
that latter case, we also write u ~, v. Also, u ~gp k41 Vv trivially implies that u ~gp k V.

The aim of this paper is to introduce and study the first properties of a different family of equivalence relations over A*,
called m-binomial equivalence, where the coarsest relation coincide again with the abelian equivalence.

Definition 1. Let u = ug---up—1 be a word of length n over A. Let ¢ <n. Let s: N — N be an increasing map such that
s(¢ —1) < n. Then the word usq) - - - use—1) is a subword of length £ of u. Note that what we call subword is also called
scattered subword (or scattered factor) in the literature. The notion of binomial coefficient of two finite words u and v is
well-known, (ﬂ) is defined as the number of times v occurs as a subword of u. In other words, the binomial coefficient of
u and v is the number of times v appears as a subsequence of u.

Properties of these coefficients are presented in the chapter of Lothaire’s book written by Sakarovitch and Simon [12,
Section 6.3]. Let a,b € A, u, v € A* and p, q be integers. We set §,, =1 if a=b, and §;, = 0 otherwise. We just recall that

aP u u ua u u
=(P) (D) =tom<wi= (2) =0 (5) = () + 0
ad q & % vb vb v
and the last three relations completely determine the binomial coefficient (L‘j) for all u, v € A*.

Remark 1. Note that we have to make a distinction between subwords and factors. A factor is a particular subword made of
consecutive letters. Factors of u are denoted either by u;---uj or u[i, j1, 0 <i < j < |ul.

Definition 2. Let m € NU {400} and u, v be two words over A. We say that u and v are m-binomially equivalent if

<u> = (v) Vx e AST,
X X

Since the main relation studied in this paper is the m-binomial equivalence, we simply write in that case: u ~n, v.
Since (’['1‘) = |u|q for all a € A, it is clear that two words u and v are abelian equivalent if and only if u ~q v. As for
abelian equivalence, we have a family of refined relations: for all u,ve A*, m>0, u ~p41 V=>1U~p V.

Example 1. For instance, the four words ababbba, abbabab, baabbab and babaabb are 2-binomially equivalent. For any w
amongst these words, we have the following coefficients

()= (5) =+ ()= (2) = (== ()=

Let us show that the first two words are not 3-binomially equivalent. As an example, we have

ababbba abbabab
=3 but =4
aab aab

Indeed, for this last binomial coefficient, aab appears as subwords wowswyg, wowswg, Wowswg and w3 wswe.

We now show that m-binomial equivalence and m-abelian equivalence are two different notions. Considering again
the first two words (which are 2-binomially equivalent), we find |ababbbaly, = 2 and |abbabab|y, = 3, showing that these
two words are not 2-abelian equivalent. Conversely, the words abbaba and ababba are 2-abelian equivalent but are not
2-binomially equivalent:

abbaba ababba
=4 but =5
ab ab

This paper is organized as follows. In the next section, we present some straightforward properties of binomial coeffi-
cients and m-binomial equivalence. In Section 3, we give upper bounds on the number of m-binomial equivalence classes
partitioning A". Section 3 ends with the introduction of the m-binomial complexity bf(m) :N — N of an infinite word x. In
Section 4, we prove that if x is a Sturmian word then, for any m > 2,

b™@n)=n+1 foralln>0.

This paper is an updated and extended version of the paper [21] presented during the WORDS conference in Turku,
September 2013. The second half of this paper contains new material: In Section 5, we compute the m-binomial complexity
of a family of (pure) morphic words. Namely, we show that fixed points of a morphism ¢ : A* — A* satisfying ¢ (a) ~a, @(b),
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