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A base-monotone region with a base is a subset of the cells in a pixel grid such that if
a cell is contained in the region then so are the ones on a shortest path from the cell to
the base. The problem of decomposing a pixel grid into disjoint base-monotone regions
was first studied in the context of image segmentation. It is known that for a given pixel
grid and base-lines, one can compute in polynomial time a maximum-weight region that
can be decomposed into disjoint base-monotone regions with respect to the given base-
lines (Chun et al., 2012 [4]). We continue this line of research and show the NP-hardness
of the problem of optimally locating k base-lines in a given n × n pixel grid. We then
present an O (n3)-time 2-approximation algorithm for this problem. We also study two
related problems, the k base-segment problem and the quad-decomposition problem, and
present some complexity results for them.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Let P be an n × n pixel grid. A pixel (i, j) of P is the unit square whose top-right corner is the grid point (i, j) ∈ Z
2. For

example the bottom-left cell of P is (1,1) and the top-right cell is (n,n). Each pixel p = (i, j), where 1 � i, j � n, has its
weight w(p) ∈ Z. Now we define the following general problem.

Problem: Maximum Weight Region Problem (MWRP)
Instance: An n × n pixel grid P .
Objective: Find a region R ∈F maximizing the weight w(R) = ∑

p∈R w(p), where F ⊆ 2P is a family of pixel regions.

The general problem MWRP has been studied for several families F that are related to practical problems (see [2,4]
and the references therein). Observe that if F = 2P , then R can be arbitrarily chosen, and thus the answer is the set of
all positive cells. On the other hand, if F is the family of connected regions (in the usual 4-neighbor topology), then the
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Fig. 1. Image segmentation via k base-line MWRP proposed in [4]. We first convert a picture to a gray scale image. Next, with some suitable function, we
construct a pixel grid in which each dark pixel has positive weight and each light pixel has negative weight. Finally we solve the k base-line MWRP to
segment the background from the objects. In this example, the boundary edges of the picture are used as base-lines (thus k = 4). For example, the red
region in the third figure has the top edge of the image as its base-line. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 2. A based x-monotone region (left) and a based y-monotone region (right).

Fig. 3. The complement of a base-monotone feasible region may represent an object in a picture nicely. By additional base-lines, the result may be improved.

problem becomes NP-hard [2]. For the complexity of MWRP for other families, see the paper by Chun et al. [4] and the
references therein.

Motivated by the image segmentation problem, Chun et al. [4] studied a more complicated family of pixel regions for
MWRP (see Fig. 1). A base-line of an n × n pixel grid P is a vertical line x = b or horizontal line y = b, where 0 � b � n.
A pixel region R is a based x-monotone region if there is a horizontal base-line y = b such that if a cell is contained in R , then
so are the ones on a shortest path (in the usual 4-neighborhood graph) from the cell to the base. Based y-monotone regions
are analogously defined. Based x-monotone regions and based y-monotone regions are base-monotone regions (Fig. 2). Given
a set of k base-lines, a region R is base-monotone feasible if it can be decomposed into pairwise disjoint base-monotone
regions with respect to the base-lines. The k base-line MWRP is MWRP in which we are given k base-lines, and we find a
maximum-weight base-monotone feasible region with respect to the base-lines.

Chun et al. [4] observed that the complement of a maximum-weight base-monotone feasible region represents an object
in a picture nicely if the base-lines are located reasonably (see Figs. 1 and 3). They showed that the k base-line MWRP can
be solved in polynomial time. In [5], they also studied the k base-segment MWRP, in which we are given k segments and find
a region decomposable into base-monotone regions with respect to the given base-segments. (We define this problem more
precisely in the next section.) They showed some partial results on the complexity of this problem. For other approaches
for formulating image segmentation as optimization problems, see e.g. [6,9].

In the setting of the k base-line MWRP, we are given k base-lines. Thus a natural question would be “What if base-lines
are not given?” In other words, “How can we divide the pixel grid into subgrids with vertical and horizontal lines?” We study this
problem and show that the problem of optimally locating k base-lines is NP-hard but it can be approximated within factor 2.
Next we study the k base-segment MWRP and present sharp contrasts of its computational complexity. Finally, we propose
another way for dividing the pixel grid into subgrids, and show that this variant can be solved in polynomial time.

2. Definitions of the problems and our results

In this paper we study three different but well related problems. This section introduces these three problems, briefly
explains our results, and then discusses what do the results mean in the context of applications.
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