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The Minimum Duplication problem is a well-known problem in phylogenetics and
comparative genomics. Given a set of gene trees, the Minimum Duplication problem asks
for a species tree that induces the minimum number of gene duplications in the input
gene trees. Recently, a variant of the Minimum Duplication problem, called Minimum

Duplication Bipartite, has been introduced, where the goal is to find all pre-duplications,
that is duplications that in the evolution precede the first speciation with respect to a
species tree. In this paper, we investigate the complexity of both Minimum Duplication

and Minimum Duplication Bipartite. First of all, we prove that the Minimum Duplication

problem is APX-hard, even when the input consists of five uniquely leaf-labeled gene trees
(improving upon known results on the complexity of the problem). Then, we show that
the Minimum Duplication Bipartite problem can be solved efficiently with a randomized
algorithm when the input gene trees have bounded depth. An extended abstract of this
paper appeared in SOFSEM 2012 [1].

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The evolutionary history of the genomes of eukaryotes is the result of a series of evolutionary events, called speciations,
that produce new species starting from a common ancestor. This evolutionary history has been deeply studied in com-
putational biology, and it is usually represented using a phylogenetic tree called species tree [2]. A species tree is a rooted
binary tree whose leaves are uniquely labeled by a set Λ representing the extant species, where the common ancestor
of the contemporary species is associated with the root of the tree. The internal nodes represent hypothetical ancestral
species (and the associated speciations). Speciations are not the only events that influence the evolution. Indeed, there are
other events, such as gene duplications, gene losses and lateral gene transfers that, although not leading to new species,
are fundamental in the evolution. In this paper we focus on gene duplications which are known to be essential for the
evolution of many eukaryotes groups, such as vertebrates, insects and plants [3]. A gene duplication can be described as the
genomic event that causes a gene inside a genome to be copied, resulting in two copies of the same gene that can evolve
independently. Genes of extant species are called homologous if they evolved from a common ancestor through speciations
and duplications events [4]. The evolution of homologous genes, with regards to the extant species, is usually represented
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Fig. 1. (a) A gene tree T . (b) A species tree S where M is the lca mapping from T to S; each gene in {g2, g4, g5} is mapped by function f in the species
that gene belongs to. Nodes of S are labeled with s’s. (c) A reconciled tree for T and S based on the a priori duplication of gene g1 into genes h and g3.

using another special kind of phylogenetic tree, called gene tree. A gene tree is a rooted binary tree whose leaves are (not
necessarily uniquely) labelled by elements of the set Λ. Despite the fact that biologically speaking leaves in the gene tree
represent genes, for simplification, the gene tree is labelled according to the species from which the corresponding gene
was sampled. Therefore, leaves similarly labelled represent duplicated genes that evolved independently and appear in a
common extant species. As in the species tree, the root and the internal nodes respectively represent the common ancestor
and ancestral genes explaining their evolution.

With regards to the set of labels Λ, gene and species trees are said to be comparable. Nevertheless, due to complex
evolutionary processes, such as gene duplications and losses, comparable gene trees and species trees very often present
incompatibilities. An interesting problem is then to reconcile the gene trees and species trees with hypothetical gene du-
plications. For example, in Fig. 1, given a comparable gene tree and species tree inducing incompatibilities, one can infer a
reconciled tree based on the a priori duplication of gene g1 into genes h and g3 (h is a hypothetical ancestor of genes g2,
g4), which afterwards both speciate according to the topology of the species tree.

Reconciliation is a widely-investigated problem, and different approaches have been proposed in the past based on the
duplication-loss model [5–14] and also extended to consider later gene transfer [15–19]. Some approaches are based on a
probabilistic model that aims to infer how a gene tree evolves within a given species tree [5,6,17].

Based on the principle of parsimony, one is interested in finding the minimum number of gene evolutionary events that
can explain all the incompatibilities. Notice that, while we focus on minimizing duplications, other possible costs have been
considered, for example the minimization of losses or the minimization of duplications and losses [12,9,20].

This last can be inferred by the so-called lowest common ancestor mapping (lca mapping), denoted by M. M maps
each ancestral gene g of the gene tree to the most recent common ancestor of the extant species from which all the
descendants of g were sampled. Given M, a gene in the gene tree is a gene duplication if it has a descendant with the
same M mapping. Then, the reconciliation cost is defined as the number of gene duplications in the gene tree induced by
the species tree. Computing a specie tree inducing the minimum cost for this distance has been widely investigated under
the name of the Minimum Duplication problem [21,12,20,22] (defined formally afterwards).

1.1. Known results

The Minimum Duplication problem is known to be NP-hard [12]. Recently, the Minimum Duplication problem has been
related to the Minimum Triplets Consistency problem [22], a problem known to be W[2]-hard [23] and not approximable
within factor O (log n) [23]. These results coupled with the reduction provided in [22] implies that the Minimum Duplication

problem is NP-hard, W[2]-hard (despite of [21]) and cannot be approximated within factor O (2log1−ε n), even in the specific
case of a forest composed of uniquely leaf-labelled gene trees with three leaves [22,24] (notice that if the forest consists of
a constant number of uniquely leaf-labelled gene trees with three leaves, then the problem is trivially in P).

Therefore, different heuristics and Integer Linear Programs have been developed [25,26,9,27].
Recently, the Minimum Duplication Bipartite problem has been introduced to tackle the Minimum Duplication problem

[28]. The Minimum Duplication Bipartite problem aims to find all the pre-duplications, that is duplications that in the
evolution precede the first speciation with respect to a species tree (see Fig. 2 for an example). Roughly, this means that
only the first level of the species tree is considered. Indeed, one is interested in knowing if a given species belongs to
the subtree of S rooted at the left child of the root or at the right one. Therefore, one can view the species tree as a
bipartition (Λ1,Λ2) of the set of species Λ. Solving the Minimum Duplication Bipartite problem recursively produces a
natural greedy heuristic for the Minimum Duplication problem. The Minimum Duplication Bipartite problem was shown
to be 2-approximable [28], but its complexity remains open.

In this contribution, we provide results for both the Minimum Duplication problem and the Minimum Duplication

Bipartite problem. First of all, we prove that the Minimum Duplication problem is APX-hard, even when the input consists
of five uniquely leaf-labelled gene trees (that is for a constant number of gene trees). Then, we show that the Minimum

Duplication Bipartite problem can be solved efficiently with a randomized algorithm when the input gene trees have
bounded depth.
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