Acta Ecologica Sinica 32 (2012) 156-159

Contents lists available at SciVerse ScienceDirect

Acta Ecologica Sinica

journal homepage: www.elsevier.com/locate/chnaes

Bionomics dynamic model of a class of competition systems

Min Zhu

Department of Mathematics, Anhui Normal University, Wuhu 241000, Anhui, China

w

ARTICLE INFO ABSTRACT

Article history:

Received 25 June 2010
Revised 8 December 2011
Accepted 6 April 2012

Differential equation problem is an important research topic in the international academia. In accordance
with certain ecological phenomena, previous research was conducted based on simple observational and
statistical data. But this approach does not effectively study the essence of the ecological phenomena.
Recently, one dynamic approach has been proposed for the study of ecology in the international acade-

mia. According to this approach, first of all, the ecology is reduced to the differential equation model
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which represents the essential phenomenon, and then the dynamic law and rules of mathematics and
biology will be studied. Currently, an extensive research is conducted on the differential equation prob-
lem. This paper primarily explores a type of competitive ecological model, which is a system of differen-
tial equation with infinite integral. we first study the existence of positive periodic solution to this model,
and then present sufficient conditions for the global attractivity of positive periodic solutions.

© 2012 Ecological Society of China. Published by Elsevier B.V. All rights reserved.

1. Introduction

In recent years, there has been a rapid development among the
application of theories of differential equations in mathematical
ecology. Tremendous research effort has been spent on the dynam-
ics of population which is useful for the control of the environment
and population of human beings and animals. One of the most cel-
ebrated models is the competition system. For instance, Kuang [1]
proposed the following delayed three species competition system

() [1-x(0)
X, (£) =X, (t) [1 — L L(s— b (s)ds —xa(6) — [*_K(s—)xs (s)ds]
X, () =X3(t) [1 — [* K(s—t)xi(s)ds— [*_L(s—t)x, (s)ds—x3(t)] ,

X, (6) =24 [ K(s=tpxa(s)ds — [ Lis— t)xs (s)ds]

and only obtained the permanent coexistence. And other competi-
tion models have been also studied in [2-10].

In this paper, we investigate the following delayed three species
competition system.

X, (6)=x:() |1 (6) -
X, (1) =x,(t) [rz t)— [* _L(s— )X (s)ds—xa(t)

X, (0)=%:(0) [r3(0)—

t
— [ K(s—t)xz(s)ds— f L(s—1t)x3(s ds]
f K(s—t)x3(s ds]
t t
S K(s—t)x1(s)ds— [*__L(s—t)xx(s)ds—x3(t ]
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where x(t)(i=1,2,3) denotes the density of competing species at
time t, 1; € ((R,[0,+0)) is w-periodic function (e« > 0), K and L are
nonnegative functions in L;(—oo,0] with

f,-:l/ ri(s)ds >0, i=1,2,3, (1.2)
 Jo

0 [0} t
ky :/ K(0)do > 0, :%/ dt/ K(s — t)ds > 0, (1.3)
—0 0 —0

1 0] t
:5/0 dt[mL(s—t)d5>O. (1.4)

The main purpose of this paper is to study the periodic solutions
of system (1.1). More precisely, in Section 2, we study the existence
of positive periodic solutions by using Krasonoselskii’s fixed point
theorem. In Section 3, we present sufficient conditions for the glo-
bal attractivity of positive periodic solutions by constructing a
Lyapunov function.

Throughout of this paper, we say a vector x = (X1,X2,X3)" is posi-
tive if x;>0(i=1,2,3).

0
L — / L(6)do > 0,

2. The existence of positive periodic solutions

Lemma 2.1 (Krasnoselskii 11). Let X be a Banach space, and let P C X
be a cone in X. Assume that €24, Q, are open bounded subsets of X with
0cQ CcQ CQ,, and let

Q:PN(Q\ Q1) — P,

be a completely continuous operator such that either:

(i) x|l < |1x]|, Vx € PN 32; and || x| = ||X||, VX € PN 02y;
(ii) || @x| = |IX|l, VX € PN 0 and ||px| < ||X||, VX € PN 0Q>.
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Then ¢ has a fixed point in PN (2 \ Q7).

Let
X = {x(t) = (x1(t), %2(8), x3())" € C(R, R®) : X(t + w) :x(t)}. (2.1)
x|l = Z\leo, il = max ix()], j=1,2,3. (22)
j=1
Then X is a Banach space endowed with the above norm ||-||. If

x(t) = (x1(t),x2(t),x3(t))T € X is a solution of system (1.1), then

[x ) exp ( fo r1(s )] = —exp (— fé r1(s)ds
[x )exp ( fyra(s )] = —exp (— [y r2(s)ds
[x3(t exp ( fyrs(s )]/ = —exp (f [y r3(s)ds

RICICESRS:

Integrating both sides of (2.3) over [t,t + w], we obtain

x1(0)= [ Gi(t,0)%1(0) [x1 () + [°_K(s— )X (S) ds+jf L(s—0)x3(s)ds]do

x(0)= [ Gy (t,0)%:(0) [ [° L(s— 0)x1 (5)ds +x2(0) + [°_K(s—0)x3(s)ds]do

x3(0)= [T Gs(t,0)x3(0) [ [° K (s — 0)x1 (S)ds+ [°_L(s— )X (s)ds +x3(0)] do,

(2.4)

where

g
Gi(t, o) :# exp (7/ r,-(s)ds), i—1,2,3. 2.5)
—eTi \
Let # = min{e " :i=1,2,3}. Now, choose a cone defined by

P= {x(t) = (xl(t),xz(t),)@(t))T e X :xi(t) = nlxily, 1= 1,2,3},

(2.6)
and define an operator @:X — X by
(@X)(£) = ((@x), (1), (DX), (), (@X)5 (1))’ (2.7)
where
(@x),(0)= [ G1(£,0)%1 (0) [%1 (0) + [*_K(s— 0)x2(s)ds + [7_L(s—0)xs(s)ds|do

(@X),(0)= f{* Gy (t,0)% (0 0)[[° Lis—a)xi(s)ds+x2(0)+ [ _K(s—0)x3(s)ds]do

(®x)3(t) = [ G3(£,0)%3(0) [[° K (s— 0)x: (5)ds+ [ _L(s—0)x2(s)ds +x3(0)]da.

(2.8)

Through the simple calculation, we can obtain that (®x)-
(t+w)=(DPx)(t), (i=1,2,3), so we have (Dx)(t + w) = (Px)(t). Then
by (2.4) and (2.8), we have that x*(t) = (x’{(t),x;(t),x;(t))T eXisa
positive @ - periodic solution of system (1.1) provided that x*(t)
is a fixed point of @.

Lemma 2.2. The mapping ® maps P into P, i.e. ®P C P.

Proof. It is easy to see that fort <o <t+w.

e Tio 1
]_er(u\c(ta) 1_—efio

From (2.8) to (2.9), we have for x € P,

[(Dx),]o < By /wal(a) [xl(a) + /70 K(s — 0)x2(s)ds
+ /(r L(s — 0)x; (s)ds} do,

A= =B, i=1,23. (2.9)

and

)Xz(t) [ JLL(s — Oxi(s)ds + xo(6) + [
)x3 (t) [ [ K(s — t)xs(s)ds + [ L(s — t)x(s)ds + xg(t)} .

+ /‘I K(s — 0)x,(s)ds

(@, > A1 [ " x(0) [xﬂo)
A

+/J L(s— a)xg(s)ds} do > B: (®x),,

00

= 1[(PX);o-

Similarly, we can obtain that (®x); > n|(®x)io, (i =2,3). There-
fore, ®P C P, the proof is completed. O

Lemma 2.3. @:P — P is completely continuous.

K(s — Oxa(s)ds + [* L(s—t)xg(s)ds}

K(s — t)x3(s )ds} (2.3)

Proof. Let
filtx) =2 (0 [xa(6) + [ K(s — pa(s)ds + [ Lis — ) (s)ds]
F(t,x) = x2(0) [ JLL(s — Dx1(s)ds + x2(6) + [ K(s — £)x3 (s)ds]
f(t.x) = x5(1) [ [ K(s = txi(s)ds + [* L(s — t)xa(s)ds + x;(t)] .
We first show that @ is continuous. For any L > 0 and ¢ > 0, there

exists a >0 such that for any x, yeX, ||x| <L, |lyl| <L, and
[[x =yl <6 imply

& .
where B= §r<1§)3(8,-, then from (2.8) to (2.10), we have
w 8 .
(@0~ @)y <B [ (0.5 ~fi(@.y,)lda <5, =123,

This yields

Z| (@x);

Thus, @ is continuous.

Next, we prove that @& is a compact operator. Let M > 0 be any
constant and let S = {x € X:||x|| < M} be a bounded set. For any x € §,
it follows from (2.8), (2.9), (1.3) and (1.4) that

|(@X),]o < BM

|Px — Dy = —(@y)ilo <&

X /Ow {M—s—M/G K(s—a)ds-i-M/ﬂ L(s —o)ds|do
=BM*w(1 + k+1).
(2.11)
Similarly, we can obtain that
|(®x)lp < BM’o(1 +k+1), i=2,3, (2.12)
and so
3
[@x]| = |(@x);lo < 3BM*w(1 +k+1), VxeS.
=

Furthermore, from (2.8), we have
(cbx)’1 (t) =11 ()(PxX), () — X1 (£) [x] (t)+ ff K(s—t)x(s)ds + ffx L(s—1t)x3 (s)ds}
(cbx)’2 (t) =12 (8)(PX), (t) — X2 () [ffx L(s—t)x1(s)ds +x2(t) + ffx K(s—1t)x3 (s)ds}
(@5(6) =T3(6)( @R (6) s (O)[ J* L K (s~ Oxa()ds + [ L(s — Dxa(s)ds+ x5 (1)
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