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a b s t r a c t

Differential equation problem is an important research topic in the international academia. In accordance
with certain ecological phenomena, previous research was conducted based on simple observational and
statistical data. But this approach does not effectively study the essence of the ecological phenomena.
Recently, one dynamic approach has been proposed for the study of ecology in the international acade-
mia. According to this approach, first of all, the ecology is reduced to the differential equation model
which represents the essential phenomenon, and then the dynamic law and rules of mathematics and
biology will be studied. Currently, an extensive research is conducted on the differential equation prob-
lem. This paper primarily explores a type of competitive ecological model, which is a system of differen-
tial equation with infinite integral. we first study the existence of positive periodic solution to this model,
and then present sufficient conditions for the global attractivity of positive periodic solutions.

� 2012 Ecological Society of China. Published by Elsevier B.V. All rights reserved.

1. Introduction

In recent years, there has been a rapid development among the
application of theories of differential equations in mathematical
ecology. Tremendous research effort has been spent on the dynam-
ics of population which is useful for the control of the environment
and population of human beings and animals. One of the most cel-
ebrated models is the competition system. For instance, Kuang [1]
proposed the following delayed three species competition system

x01ðtÞ¼ x1ðtÞ 1�x1ðtÞ�
R t
�1Kðs� tÞx2ðsÞds�

R t
�1 Lðs� tÞx3ðsÞds

h i
x02ðtÞ¼ x2ðtÞ 1�

R t
�1 Lðs� tÞx1ðsÞds�x2ðtÞ�

R t
�1Kðs� tÞx3ðsÞds

h i
x03ðtÞ¼ x3ðtÞ 1�

R t
�1Kðs� tÞx1ðsÞds�

R t
�1 Lðs� tÞx2ðsÞds�x3ðtÞ

h i
;
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and only obtained the permanent coexistence. And other competi-
tion models have been also studied in [2–10].

In this paper, we investigate the following delayed three species
competition system.

x01ðtÞ¼x1ðtÞ r1ðtÞ�x1ðtÞ�
R t
�1Kðs�tÞx2ðsÞds�

R t
�1Lðs�tÞx3ðsÞds

h i
x02ðtÞ¼x2ðtÞ r2ðtÞ�

R t
�1Lðs�tÞx1ðsÞds�x2ðtÞ�

R t
�1Kðs�tÞx3ðsÞds

h i
x03ðtÞ¼x3ðtÞ r3ðtÞ�

R t
�1Kðs�tÞx1ðsÞds�

R t
�1Lðs�tÞx2ðsÞds�x3ðtÞ

h i
;
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ð1:1Þ

where xi(t)(i = 1,2,3) denotes the density of competing species at
time t, ri 2 C(R, [0,+1)) is x-periodic function (x > 0), K and L are
nonnegative functions in L1(�1, 0] with

�ri ¼
1
x

Z x

0
riðsÞds > 0; i ¼ 1;2;3; ð1:2Þ

k1 ¼
Z 0

�1
KðhÞdh > 0; k ¼ 1

x

Z x

0
dt
Z t

�1
Kðs� tÞds > 0; ð1:3Þ

l1 ¼
Z 0

�1
LðhÞdh > 0; l ¼ 1

x

Z x

0
dt
Z t

�1
Lðs� tÞds > 0: ð1:4Þ

The main purpose of this paper is to study the periodic solutions
of system (1.1). More precisely, in Section 2, we study the existence
of positive periodic solutions by using Krasonoselskii’s fixed point
theorem. In Section 3, we present sufficient conditions for the glo-
bal attractivity of positive periodic solutions by constructing a
Lyapunov function.

Throughout of this paper, we say a vector x = (x1,x2,x3)T is posi-
tive if xi > 0(i = 1,2,3).

2. The existence of positive periodic solutions

Lemma 2.1 (Krasnoselskii 11). Let X be a Banach space, and let P � X
be a cone in X. Assume that X1, X2 are open bounded subsets of X with
0 2 X1 � X1 � X2, and let

u : P \ ðX2 nX1Þ ! P;

be a completely continuous operator such that either:

(i) kuxk 6 kxk, "x 2 P \ oX1 and kuxkP kxk, "x 2 P \ oX2;
(ii) kuxkP kxk, "x 2 P \ oX1 and kuxk 6 kxk, "x 2 P \ oX2.
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Then u has a fixed point in P \ ð�X2 nX1Þ.
Let

X ¼ xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; x3ðtÞÞT 2 CðR; R3Þ : xðt þxÞ ¼ xðtÞ
n o

: ð2:1Þ

kxk ¼
X3

j¼1

jxjj0; jxjj0 ¼ max
t2½0;x�

jxjðtÞj; j ¼ 1;2;3: ð2:2Þ

Then X is a Banach space endowed with the above norm k�k. If
x(t) = (x1(t),x2(t),x3(t))T 2 X is a solution of system (1.1), then

Integrating both sides of (2.3) over [t, t + x], we obtain

x1ðtÞ¼
R tþx

t G1ðt;rÞx1ðrÞ x1ðrÞþ
R r
�1Kðs�rÞx2ðsÞdsþ

R r
�1Lðs�rÞx3ðsÞds

� �
dr

x2ðtÞ¼
R tþx

t G2ðt;rÞx2ðrÞ
R r
�1Lðs�rÞx1ðsÞdsþx2ðrÞþ

R r
�1Kðs�rÞx3ðsÞds

� �
dr

x3ðtÞ¼
R tþx

t G3ðt;rÞx3ðrÞ
R r
�1Kðs�rÞx1ðsÞdsþ

R r
�1Lðs�rÞx2ðsÞdsþx3ðrÞ

� �
dr;
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ð2:4Þ

where

Giðt;rÞ ¼
1

1� e��rix
exp �

Z r

t
riðsÞds

� �
; i ¼ 1;2;3: ð2:5Þ

Let g ¼ minfe��rix : i ¼ 1;2;3g. Now, choose a cone defined by

P ¼ xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; x3ðtÞÞT 2 X : xiðtÞP gjxij0; i ¼ 1;2;3
n o

;

ð2:6Þ

and define an operator U:X ? X by

ðUxÞðtÞ ¼ ððUxÞ1ðtÞ; ðUxÞ2ðtÞ; ðUxÞ3ðtÞÞ
T
; ð2:7Þ

where

ðUxÞ1ðtÞ¼
R tþx

t G1ðt;rÞx1ðrÞ x1ðrÞþ
R r
�1Kðs�rÞx2ðsÞdsþ

R r
�1Lðs�rÞx3ðsÞds

� �
dr

ðUxÞ2ðtÞ¼
R tþx

t G2ðt;rÞx2ðrÞ
R r
�1Lðs�rÞx1ðsÞdsþx2ðrÞþ

R r
�1Kðs�rÞx3ðsÞds

� �
dr

ðUxÞ3ðtÞ¼
R tþx

t G3ðt;rÞx3ðrÞ
R r
�1Kðs�rÞx1ðsÞdsþ

R r
�1Lðs�rÞx2ðsÞdsþx3ðrÞ

� �
dr:
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Through the simple calculation, we can obtain that (Ux)-
i(t + x) = (Ux)i(t), (i = 1,2,3), so we have (Ux)(t + x) = (Ux)(t). Then
by (2.4) and (2.8), we have that x�ðtÞ ¼ x�1ðtÞ; x�2ðtÞ; x�3ðtÞ

� �T 2 X is a
positive x – periodic solution of system (1.1) provided that x⁄(t)
is a fixed point of U.

Lemma 2.2. The mapping U maps P into P, i.e. UP � P.

Proof. It is easy to see that for t 6 r 6 t + x.

Ai :¼ e��rix

1� e��rix
6 Giðt;rÞ 6

1
1� e��rix

¼: Bi; i ¼ 1;2;3: ð2:9Þ

From (2.8) to (2.9), we have for x 2 P,

jðUxÞ1j0 6 B1

Z x

0
x1ðrÞ x1ðrÞ þ

Z r

�1
Kðs� rÞx2ðsÞds

�

þ
Z r

�1
Lðs� rÞx3ðsÞds

	
dr;

and

ðUxÞ1 P A1

Z x

0
x1ðrÞ x1ðrÞ þ

Z r

�1
Kðs� rÞx2ðsÞds

�

þ
Z r

�1
Lðs� rÞx3ðsÞds

	
dr P

A1

B1
jðUxÞ1j0 P gjðUxÞ1j0:

Similarly, we can obtain that (Ux)i P gj(Ux)ij0, (i = 2,3). There-
fore, UP � P, the proof is completed. h

Lemma 2.3. U:P ? P is completely continuous.

Proof. Let

f1ðt; xtÞ ¼ x1ðtÞ x1ðtÞ þ
R t
�1 Kðs� tÞx2ðsÞdsþ

R t
�1 Lðs� tÞx3ðsÞds

h i
f2ðt; xtÞ ¼ x2ðtÞ

R t
�1 Lðs� tÞx1ðsÞdsþ x2ðtÞ þ

R t
�1 Kðs� tÞx3ðsÞds

h i
f3ðt; xtÞ ¼ x3ðtÞ

R t
�1 Kðs� tÞx1ðsÞdsþ

R t
�1 Lðs� tÞx2ðsÞdsþ x3ðtÞ

h i
:

8>>>><
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We first show that U is continuous. For any L > 0 and e > 0, there
exists a d > 0 such that for any x, y 2 X, kxk 6 L, kyk 6 L, and
kx � yk < d imply

max
t2½0;x�

jfiðt; xtÞ � fiðt; ytÞj <
e

3Bx
i ¼ 1;2;3; ð2:10Þ

where B ¼max
16i63

Bi, then from (2.8) to (2.10), we have

jðUxÞi � ðUyÞij0 6 B
Z x

0
jfiðr; xrÞ � fiðr; yrÞjdr <

e
3
; i ¼ 1;2;3:

This yields

kUx�Uyk ¼
X3

i¼1

jðUxÞi � ðUyÞij0 < e:

Thus, U is continuous.
Next, we prove that U is a compact operator. Let M > 0 be any

constant and let S = {x 2 X:kxk 6M} be a bounded set. For any x 2 S,
it follows from (2.8), (2.9), (1.3) and (1.4) that

jðUxÞ1j0 6 BM

�
Z x

0
M þM

Z r

�1
Kðs� rÞdsþM

Z r

�1
Lðs� rÞds

� 	
dr

¼ BM2xð1þ kþ lÞ:
ð2:11Þ

Similarly, we can obtain that

jðUxÞij0 6 BM2xð1þ kþ lÞ; i ¼ 2;3; ð2:12Þ

and so

kUxk ¼
X3

j¼1

jðUxÞjj0 6 3BM2xð1þ kþ lÞ; 8x 2 S:

Furthermore, from (2.8), we have

ðUxÞ01ðtÞ¼ r1ðtÞðUxÞ1ðtÞ�x1ðtÞ x1ðtÞþ
R t
�1Kðs� tÞx2ðsÞdsþ

R t
�1 Lðs� tÞx3ðsÞds

h i
ðUxÞ02ðtÞ¼ r2ðtÞðUxÞ2ðtÞ�x2ðtÞ

R t
�1 Lðs� tÞx1ðsÞdsþx2ðtÞþ

R t
�1Kðs� tÞx3ðsÞds

h i
ðUxÞ03ðtÞ¼ r3ðtÞðUxÞ3ðtÞ�x3ðtÞ

R t
�1Kðs� tÞx1ðsÞdsþ

R t
�1 Lðs� tÞx2ðsÞdsþx3ðtÞ

h i
:

8>>><
>>>:

x1ðtÞ exp �
R t

0 r1ðsÞds

 �h i0

¼ � exp �
R t

0 r1ðsÞds

 �

x1ðtÞ x1ðtÞ þ
R t
�1 Kðs� tÞx2ðsÞdsþ

R t
�1 Lðs� tÞx3ðsÞds

h i
x2ðtÞ exp �

R t
0 r2ðsÞds


 �h i0
¼ � exp �

R t
0 r2ðsÞds


 �
x2ðtÞ

R t
�1 Lðs� tÞx1ðsÞdsþ x2ðtÞ þ

R t
�1 Kðs� tÞx3ðsÞds

h i
x3ðtÞ exp �

R t
0 r3ðsÞds


 �h i0
¼ � exp �

R t
0 r3ðsÞds


 �
x3ðtÞ

R t
�1 Kðs� tÞx1ðsÞdsþ

R t
�1 Lðs� tÞx2ðsÞdsþ x3ðtÞ

h i
:

8>>>>><
>>>>>:

ð2:3Þ
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