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Abstract

This paper studies the pseudovariety R of all finite R-trivial semigroups. We give a representation of pseudowords over R by
infinite trees, called R-trees. Then we show that a pseudoword is an ω-term if and only if its associated tree is regular (i.e. it can
be folded into a finite graph), or equivalently, if the ω-term has a finite number of tails. We give a linear algorithm to compute
a compact representation of the R-tree for ω-terms, which yields a linear solution of the word problem for ω-terms over R. We
finally exhibit a basis for the ω-variety generated by R and we show that there is no finite basis. Several results can be compared to
recent work of Bloom and Choffrut on long words.
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1. Introduction

The main contribution of this paper is the solution of a word problem over R, the pseudovariety of all finite
R-trivial semigroups. This pseudovariety corresponds, in Eilenberg’s correspondence, to disjoint unions of languages
of the form A∗0a1 A∗1a2 . . . an A∗n , where the ai ’s are letters and ai /∈ Ai−1 for 1 ≤ i ≤ n. Also, finite R-trivial
semigroups are the divisors of transition semigroups of the so-called very weak automata, that is, automata whose
state set is partially ordered and the transition function does not decrease the state. They can even be characterized as
the divisors of extensive automata, that is, very weak automata where the order on states is total.

Given two terms built from letters of an alphabet A using the concatenation and the ω-power, we show how to
decide in linear time whether these terms coincide over all A-generated elements of R, with the usual interpretation of
the ω-power in semigroups. We also characterize the set of pseudowords – also known as implicit operations – over
R which can be represented by such ω-terms. Since R satisfies the identity in ω-terms xω−1 = xω, all results of this
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paper can be formulated either for ω-terms, or for κ-terms, where κ = { · , ω−1} is the implicit signature consisting
of the semigroup multiplication and the unary (ω−1)-power. We shall state most results using the signature { · , ω},
but this is mainly a matter of style.

The motivation of this work is the κ-tameness property for R. Historically, the notion of tameness was discovered in
attempting to find general decidability properties of pseudovarieties which might be preserved under taking semidirect
products [5]. It remains open whether it does indeed play such a role, although under certain finiteness hypotheses it
has been shown to do so [2].

Proving the κ-tameness of a pseudovariety V consists in solving two subproblems. The first one is the κ-word
problem, for which this paper gives an efficient solution. Informally, the second question is whether equation systems1

with rational constraints having a solution in any semigroup of V also have a uniform solution in κ-terms, satisfying
the same constraints. This property has proved to be robust and helpful for the solution of the membership problem
(see e.g. [4], where the κ-tameness of R is used to decide joins involving R). Moreover, if V enjoys it, then V has
decidable pointlikes, an important property of pseudovarieties [5,20].

Another motivation for this study comes from the related work of Bloom and Choffrut [11]. Given a finite set A,
the collection of all finite or countably infinite A-labeled posets can be endowed with a binary concatenation operation
of posets · , and with a unary ω-power ω. Bloom and Choffrut recently proved in [11] that the Birkhoff variety
generated by these algebras is not finitely based, and that it is defined by the following set of identities.⎧⎪⎨

⎪⎩
(x · y) · z = x · (y · z)

(xr )ω = xω, r ≥ 2

(xy)ω = x(yx)ω.

They also studied ordinal words, that is, labeled ordinals. Among them, they characterized labeled ordinals built from
letters of A using the operations · and ω: these are exactly the ordinals of length less than ωω and having a finite
number of tails (suffixes, in some sense). Finally, they proved that the word problem for two ω-terms u, v can be
solved in time O(|u|2|v|2), where |u| and |v| denote the lengths of u and v.

Motivated by these results and by the fact that pseudowords over R are labeled ordinals [7], we show that:

– the word problem for ω-terms u, v over R and on an alphabet A can be solved in time O
(|A|(|u| + |v|)), using

automata-based techniques. More specifically, we can compute for any ω-term u an automaton A(u) of size |A||u|.
Two terms are equal over R if and only if the associated automata recognize the same language. Due to the specific
form of these automata, this can again be tested in linear time;

– a pseudoword over R coincides with an ω-term if and only if it has a finite number of distinguished suffixes (resp.
factors);

– the variety of ω-semigroups generated by R is not finitely based;
– we exhibit an infinite basis for this variety.

Although these results are very similar to those of [11], the involved word problems are different, and neither set of
results seems to directly imply the other one.

The paper is organized as follows. In Section 2, we set up the notation and we recall prerequisites on semigroups and
pseudovarieties. In Section 3, we exhibit a sufficient condition for continuity of infinite products in pro-R semigroups
and we use it to associate R-trees and R-automata to pseudowords over R. These objects are used in Section 4 to solve
the word problem for ω-terms over R and to derive several characterizations of pseudowords having a representation
as an ω-term. We then exhibit a canonical form for ω-terms over R, which can be exponentially larger than the original
term, in terms of the size of the alphabet, but remains polynomially small, for a fixed alphabet, in terms of the size
of the minimal R-automaton of the ω-term. Section 5 presents a linear-time algorithm to compute the canonical
R-automaton associated to an ω-term, defined in Section 3, thus proving that the complexity of the word problem
for ω-terms over R is linear. We introduce in Section 6 a set of identities in ω-terms. We prove, by a rather involved
argument with various levels of nested inductions which uses several key results from previous sections, that this set is
a basis for the ω-variety generated by R. We also show that this ω-variety is not finitely based. It should be noted that

1 Strictly speaking, if the equations are given by arbitrary κ-terms, the property is named complete κ-tameness, whereas κ-tameness stands for a
restricted class of equations.
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