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; i of an S-recognizable set is always either © ((log(n))*~%¥n/) where c,d € Nand f > 1,
Communicated by D. Perrin

or ®("6°™) where r,q € Q with g < 1. If the number of words of length n in the
numeration language is bounded by a polynomial, then the growth function of an
S-recognizable set is @ (n"), where r € Q with r > 1. Furthermore, for every r € Q with
Growth function r > 1, we can provide an abstract numeration system S built on a polynomial language and
Finite automaton an S-recognizable set such that the growth function of X is @ (n"). For all positive integers
Regular language k and ¢, we can also provide an abstract numeration system S built on an exponential
Morphic sequence language and an S-recognizable set such that the growth function of X is ® ((log(n))*n%).
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1. Introduction

Aset X C Nis b-recognizable if the set of representations of the elements of X in base b is accepted by a finite automaton.
The class of b-recognizable sets is a very well-studied class (the main results can be found in the book of Allouche and Shallit
[1]). It is therefore somewhat surprising that, to the best of our knowledge, no characterization of the possible growths of
b-recognizable sets is currently known. In this paper, we provide such a characterization for the much more general class of
S-recognizable sets.

Let L be a language over an alphabet X'. We assume that the letters ay, ..., a, of X are ordered by a; < --- < a,. This
order on the alphabet ¥ induces an order < on the language L called the genealogic order or the radix order: the words are
ordered length by length, and for a given length, we use the lexicographic order. This leads to the definition of an abstract
numeration system.

Definition 1. An abstract numeration system is a triple S = (L, X', <), where L is an infinite language over a totally ordered
finite alphabet (X', <). The language L is called the numeration language. The map reps: N — Lis a bijection mappingn € N
to the (n 4+ 1)th word of L ordered genealogically. The inverse map is denoted by vals: L — N.

Most of the time, we assume that L is a regular language. Nevertheless, some results hold true for arbitrary numeration
languages.

The integer base numeration systems are particular cases of abstract numeration systems since for all b, n, m € N with
b > 2,we have n < m & repy(n) < rep,(m), where rep,(x) designates the usual greedy representation of x in base b. In
this case, the numeration language is rep,(N) = {1,2,...,b— 1}{0, 1,2, ..., b — 1}* U {¢}, which is regular.
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Definition 2. Let S be an abstract numeration system. Let X C N. The set X is S-recognizable if the language reps(X) =
{reps(n): n € X} is regular. Let b > 2 be an integer. The set X is b-recognizable if it is S-recognizable for the abstract
numeration system S built on the language rep, (N) consisting of the base-b representations of the elements of X. The set X
is 1-recognizable if it is S-recognizable for the abstract numeration system S built on a*.

Note that N is S-recognizable if and only if the numeration language L is regular.
Rigo [11] stated the following two fundamental questions regarding S-recognizable sets:

e For a given numeration system S, what are the S-recognizable subsets of N?
e For a given subset X of N, is it S-recognizable for some numeration system S?

Of course, both of these questions are quite difficult to address in full generality. In this paper, we consider these questions
in terms of the growth functions of both the set X and the numeration language.

Definition 3. For a subset X of N, we let tx(n) denote the (n + 1)th term of X. The map tx: N — N is called the growth
function of X.

We address the following problem.

Problem 1. Let S be an abstract numeration system built on a regular language. What do the growth functions of
S-recognizable sets look like? Of course, this question has to be answered in terms of the growth function of the numeration
language.

Apart from the following result, known as Eilenberg’s gap theorem, we are not aware of any results in the direction of
answering the above problem.

Theorem 4 ([8]). Let b > 2 be an integer. A b-recognizable set X of nonnegative integers satisfies either lim sup,,_, , ., (tx(n +

1) — tx(n)) < +oo orlimsup,_, ;o IX&”(:)D > 1

Thanks to this result, examples of sets that are not b-recognizable for any b have been exhibited. The set {n? : n € N} of
squares is such an example. However, the set of squares is S-recognizable for the abstract numeration system

S = (a*b* Ua*c*, {a,b,c},a < b <c).

More generally, Rigo [11] and Strogalov [15] showed that for any polynomial P € Q[x] such that P(N) C N, there exists S
such that P is S-recognizable. Observe that in the case of an integer base numeration system, the number of words of each
length in the numeration language grows exponentially, whereas in the case of the numeration system S, this number grows
polynomially. This leads to the natural question: Can a set of the form P(N) ever be recognized in a numeration system where
the numeration language is exponential? In Section 6, we show that the answer to this question is no for all polynomials P
of degree 2 or more.

Let us fix some asymptotic notation.

Definition 5. Let f and g be functions with domain N. We say that f is ©®(g), and we write f = @ (g), if there exist positive

constants ¢ and d and a nonnegative integer N such that, for all integers n > N, we have cg(n) < f(n) < dg(n). We say

that f and g have equivalent behaviors at infinity, which is denoted by f (n) ~ g(n) (n — +4o0) (or simply f ~ g when the
m _

context is clear), if we have lim,_, ; g—';)) = 1. Finally, we write f = o(g) if we have lim,_, ; Q(T) =0.

Definition 6. For any language L over an alphabet X and any nonnegative integer n, we let
u(n) = LN X"

denote the number of words of length n in L and

n

vi(m) =) w() = LN E="

i=0

denote the number of words of length less than or equal to n in L. The maps u;: N — Nand v;: N — N are called the
counting (or growth) functions of L.

When L is a regular language, the sequence (u.(n)),>o satisfies a linear recurrence relation with integer coefficients (for
instance, see [2]): there exist a positive integer k and ay, .. ., a, € Z such that we have

VneN, uyu(n+k) =au(n+k—1)+--- 4+ quy(n).

Then, since we have v (n) — v (n — 1) = u;(n), the sequence (v.(n))n>o satisfies the linear recurrence relation of length
k 4+ 1 whose characteristic polynomial is (x — 1)(x* — a;x*"1 — ... — ).
Our main result can be stated as follows.
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