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a b s t r a c t

The Collatz conjecture, also known as the 3x + 1 conjecture, can be stated in terms of
the reduced Collatz function R(x) = (3x + 1)/2h (where 2h is the larger power of 2 that
divides 3x + 1). The conjecture is: Starting from any odd positive integer and repeating R(x)
we eventually get to 1. Gk, the k-th convergence class, is the set of odd positive integers x
such that Rk(x) = 1.

In this paper an infinite sequence of binary strings sh of length 2 · 3h−1 (the seeds) are
defined and it is shown that the binary representation of all x ∈ Gk is the concatenation of
k periodic strings whose periods are sk, . . . , s1. More precisely x = s[n1)

k,dk,1
. . . s[nk)1,dk,k

where

s[ni)k,dk,i
is the substring of length ni that starts in position dk,i in a sufficiently long repetition

of the seed si.
Finally, starting positions dk,i and lengths ni for which s[n1)

k,dk,1
. . . s[nk)1,dk,k

∈ Gk are defined,
thus giving a complete characterization of classes Gk.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The Collatz function is defined on all positive integers x by:

f (x) =


x/2 x even
3x + 1 x odd.

Given any odd integer x, let x′
= (3x + 1)/2h where 2h is the highest power of 2 that divides 3x + 1. The reduced form of

the Collatz function is R(x) = x′ and is defined only for odd integers.
The Collatz conjecture says that for all integers x > 0 there exists i such that f i(x) = 1 or, equivalently, that there exists

k such that Rk(x) = 1.
Despite the efforts of many people for about seventy years, the conjecture is still undecided. The efforts are well

documented in a very large literature. The problem has been attacked frommany viewpoints. The Collatz function has been
studied in large domains: Integer, rational, real and even complex numbers (where a beautiful fractal has been obtained)
[5,3,4,9]. The Collatz conjecture has been also proved equivalent to many other conjectures in different contexts: Rewriting
systems, tag systems, etc. [7,2,6].

Our bibliography contains only a very small and incomplete selection of papers; we refer interested readers to the large
annotated bibliography in Lagarias [1]. The paper by Jean Paul Van Bendegem [10] is a philosophical essay on the 3x + 1
problem.

The paper is organized as follows: Section 2 shows the direct computation of Gk, as sets of binary strings, for the first few
values of k. Those computational experiments suggest that binary strings in Gk are the concatenation of k periodic strings
whose periods, that we call seeds, are of length 2, 6, 18, . . . , 2 · 3k−1. In Section 3 some useful (and beautiful) properties of
seeds are proved. Section 4 contains the main result: A complete characterization of classes Gk as sets of binary strings.
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2. Computational experiments

Define the inverse R−1(x) of the reduced Collatz function as the set of odd integers such that y ∈ R−1(x) iff R(y) = x. We
can easily see that

R−1(x) =



∅ if x ≡ 0 (mod 3)
x22m+2

− 1
3

: m ≥ 0


if x ≡ 1 (mod 3)


x22m+1

− 1
3

: m ≥ 0


if x ≡ 2 (mod 3).

Let Gk the class of odd integers x that converge to 1 in k steps, i.e. such that Rk(x) = 1.
The class Gk can be defined inductively by

G0 = {1}

Gk =


x∈Gk−1

R−1(x).

For a binary string s let JsK be the non-negative integer whose binary representation is s. In what follows we see classes
Gk as sets of binary strings.

Clearly G0 = {1}: The singleton set that contains only the binary string 1.
Let us compute first G1

G1 =


x0∈G0

R−1(x0) = R−1(1) =


4m1+1

− 1
3

: m1 ≥ 0


=


m1−
i=0

4i
: m1 ≥ 0


.

If we represent x1 =
∑m1

i=0 4
i as a binary string of length 2m1 + 2 we obtain 01m1+1, i.e. the concatenation of one or more

copies of the binary string s1 = 01 of length 2. Thus

G1 =

r
sm1+1
1

z
: m1 ≥ 0


.

Now we can compute G2 from G1.

G2 =


x1∈G1

R−1(x1) =

∞
m1=0

R−1
r

sm1+1
1

z
.

Since x1 =
∑m1

i=0 4
i
≡ m1 + 1 (mod 3) we obtain

G2 =

r
s3k1+1
1

z
4m2+1

− 1

3
: k1,m2 ≥ 0


∪


2

r
s3k1+2
1

z
4m2 − 1

3
: k1,m2 ≥ 0


.

Compute first

r
s31

z

3
=

2∑
i=0

4i

3
=

43
− 1
32

= 7

and let s2 = 000111 be the binary representation of 7 as a string of length 6.
A simple computation shows that

r
s3k1+1
1

z
/3 =

r
sk12 s[2)2

z
, where s[2)2 = 00 is the prefix of length 2 of s2 and

that
r
s3k1+2
1

z
/3 =

r
sk12 s[4)2

z
, where s[4)2 = 0001 is the prefix of length 4 of s2. Moreover,

r
s3k1+1
1

z
mod 3 = 1 and

r
s3k1+2
1

z
mod 3 = 2.

Then

G2 =

r
sk12 s[2)2

z
4m2+1

+
4m2+1

− 1
3

: k1,m2 ≥ 0


∪


2

r
sk12 s[4)2

z
4m2 +

4m2+1
− 1

3
: k1,m2 ≥ 0


We can write (4m2+1

− 1)/3 =
∑m2

i=0 4
i in binary both as

r
sm2
1 s[2)1

z
and

r
sm2
1,1s

[1)
1,1

z
, where s1,1 = 10 is the left rotation of s1

by 1 position.
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