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probability density function (cpdf) in order to apply the PI 
method also for these systems.  

The path integral technique was applied to the roll 
nonlinear motion of a ship in irregular waves by Kwon et al. 
(1993). The exciting moment due to the irregular waves was 
modeled as a non-white noise. Both damping and nonlinear 
restoring functions were included with the equivalent white-
noise intensity. Lin and Yim (1995) developed a stochastic 
analysis scheme to examine the properties of chaotic roll 
motion and capsize of ships subjected to periodic excitation 
with a random noise disturbance. The associated Fokker-
Planck equation governing the evolution of the probability 
density function of the roll motion was numerically solved by 
the path integral solution procedure to obtain joint probability 
density functions in state space. It was found that the 
presence of noise enlarges the boundary of the chaotic 
domains and bridges coexisting attracting basins in the local 
regimes. The probability of capsize was considered as an 
extreme excursion problem with the time-averaged 
probability density function as an invariant measure. Another 
version of the path integration approach based on the Gauss-
Legendre quadrature integration rule was proposed by Gu 
(2006). It was applied for estimating the probability density 
of the nonlinear roll motion of ships in stochastic beam seas. 
The ship roll motion was described by a nonlinear random 
differential equation that includes a nonlinear damping 
moment and restoring moment. The results include the time-
evolution of the ship response probability density as well as 
the tail region, where the probability value is very important 
for the system reliability analysis.  

The case of small ships with water on deck subjected to 
random beam waves described by to a periodic force and 
white noise perturbation was considered by Liqin and 
Yougang (2007) using the path integral solution. This type of 
ship motion is governed by two dynamical regions: 
homoclinic and heteroclinic, where the heteroclinic model 
emulates symmetric vessel capsize and the homoclinic model 
represents a vessel with an initial bias caused by water on 
deck. The random Melnikov mean square criterion was used 
to determine the parameter domain for the ship's stochastic 
chaotic motion. The evolution of the probability density 
function of the roll response was calculated by solving the 
stochastic differential equations using the path integral 
method. It was found that in the probability density function 
of the system has two peaks for which the response of the 
system was found to jump from one peak to another for large 
amplitudes of periodic excitation. Manotov and Naess (2009) 
developed a combined analytical-numerical approach 
referred to as the successive-transition method, which is 
essentially a version of the path-integration solution and is 
based on an analytical approximation for the transition 
probability density. The method was applied to one-
dimensional nonlinear Ito's equation describing the velocity 
of a ship maneuvering along a straight line under the action 
of the stochastic drag due to wind or sea waves. It was also 
used for the problem of ship roll motion up to its possible 
capsizing. It was indicated that the advantage of the proposed 
successive-transition is that it provides an account for the 
damping matrix in the approximation. 

The case of Gaussian white noise acting simultaneously 
with Poisson white noise has not yet been considered in the 
literature and the present work is an attempt to extend the PI 
method for this case. In particular, the method will be utilized 
to examine the ship roll oscillation under parametric normal 
white noise acting simultaneously with additive Poisson 
white noise.  

 
 
 

PATH INTEGRAL METHOD 
 
This section provides the general features of the PI 

method by adopting a simple nonlinear system driven by a 
white noise described by the one-dimensional equation: 
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where f(X,t) is a deterministic nonlinear function of the 
response X(t) and time t, αis a positive parameter and W(t) is 
a white noise and Χ0 is the initial condition that may be either 
deterministic or random (Gaussian or non-Gaussian). 

The starting point of the PI method is the Chapman-
Kolmogorov equation that holds true, because of the 
Markovian property of the response: 
 

( , ) ( , , ) ( , )X X X

D

p x t p x t x t p x t d x           (2) 

 
The numerical implementation of the PI method requires 

selecting a computational domain D. It is convenient to select 
a symmetrical computational domain with a given maximum 
size, xmax = |x1|, i.e., -x1≤ x≤ x1. The size of the domain is 
identified by, first, running a Monte Carlo simulation with a 
low number of samples. Then, dividing the domain in a 
discrete number of intervals, nx, for each grid point, the path 
integral from equation (2) can be evaluated. One has to 
evaluate the kernel in equation (2), which requires the 
conditional joint pdf. From the entire set of trajectories of the 
response process, X(t), one has to select those deterministic 
values at time t, i.e., x̅, hereafter denoted as X̅(ρ)(see Fig.1), 
by solving of the following differential equation: 
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(3) 

 
where x̅ is a deterministic initial condition and  0≤ρ≤τ. Note 
that the cpdf of equation (1) coincides with the unconditional 
pdf of equation (3) evaluated at , i.e., 
 

( , , ) ( , )X Xp x t x t p x  
                    

(4) 

 
Fig.1 demonstrates the significance of the cpdf of the 

stochastic process X̅(ρ) evaluated in ρ=τ. These are the 
general features of the PI method. To this end the problem is 
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