Mathematical Biosciences 228 (2010) 45-55

journal homepage: www.elsevier.com/locate/mbs

Contents lists available at ScienceDirect

Mathematical Biosciences

Wathematical
~Biosciences,

On the number of recovered individuals in the SIS and SIR stochastic

epidemic models

J.R. Artalejo®*, A. Economou®, M.J. Lopez-Herrero €

2 Department of Statistics and Operations Research, Faculty of Mathematics, Complutense University of Madrid, 28040 Madrid, Spain
b Department of Mathematics, University of Athens, Panepistemiopolis, 15784 Athens, Greece

€School of Statistics, Complutense University of Madrid, 28040 Madrid, Spain

ARTICLE INFO ABSTRACT

Article history:

Received 21 June 2009

Received in revised form 6 August 2010
Accepted 21 August 2010

Available online 27 August 2010

Keywords:

Recovered individuals
Stochastic SIS model
Stochastic SIR model
Extinction time
Transient behavior
Outbreak of ESBL

a Spanish hospital.

The basic models of infectious disease dynamics (the SIS and SIR models) are considered. Particular
attention is paid to the number of infected individuals that recovered and its relationship with the
final epidemic size. We investigate this descriptor both until the extinction of the epidemic and in
transient regime. Simple and efficient methods to obtain the distribution of the number of recovered
individuals and its moments are proposed and discussed with respect to the previous work. The
methodology could also be extended to other stochastic epidemic models. The theory is illustrated
by numerical experiments, which demonstrate that the proposed computational methods can be
applied efficiently. In particular, we use the distribution of the number of individuals removed in
the SIR model in conjunction with data of outbreaks of ESBL observed in the intensive care unit of
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1. Introduction

There exists a vast literature that employs Markov chains for
modelling the stochastic dynamics of an epidemic, see, for exam-
ple, [2,3,8,9,13,15,17,18,21,22,29,34]. In this context, the interest
is mainly focused on the distribution of the epidemic size (i.e., qua-
si-stationary distribution, final size distribution) and the extinction
time.

In many models, there is no external source of infection so the
spread of the epidemic ends at the first time at which all the in-
fected individuals are recovered. In this case, the Markov chain
describing the epidemic size has a set of absorbing states. As a
result, the stationary distribution is degenerate. However, when
the time to absorption is sufficiently long, one may deal with
the quasi-stationary distribution which provides a measure
of the system dynamics conditioning on the event that the
absorption has not occurred yet. On the other hand, the risk of
extinction is typically measured in terms of the extinction proba-
bility (i.e., the probability of reaching the absorption in a finite
time) and the expected time to extinction. Since the extinction
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time is the time to hit the set of absorbing states, it gives a mea-
sure of a continuous nature.

Some models that assume an external source of infection (e.g.,
immigration, outside force, environmental indirect transmission,
reintroduction parameter, etc.) [15,28,29,33] provide motivation
to eliminate the absorbing states. Then, the stationary distribution
can be investigated. Moreover, the length of an individual outbreak
amounts to the study of the first absence of infection.

Our aim in this paper is to study a natural discrete counterpart
of the extinction time namely the number of recovered individuals.
For the susceptible-infected-removed (SIR) stochastic model (see
also literature regarding the so-called general stochastic epidemic),
the number of recovered individuals amounts to the final epidemic
size, provided that the study is performed over the entire duration
of the epidemic. In this context, the early literature includes at
least two approaches due to Bailey [7] and Whittle [32] for the
recursive solution of the triangular systems of equations governing
the final size distribution of the SIR model. Both approaches are
also summarized in the book [8]. The reader is also referred to
[18,20,21,26] where other alternative methods are presented.
These methods are based on a variety of techniques including com-
bination of Laplace transforms and a matrix approach [18], spectral
approach based on the eigenvectors of the infinitesimal generator
[21] and a recursive algorithm performed on the embedded epochs
when an event occurs [20,26]. Ball [10] generalized the study to
cover the case of arbitrary infectious period distribution. Later
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Demeris and O’Neill [19] used multiple precision arithmetic for
overcoming the numerical problems arising in practical computa-
tions. There also exists an important number of papers where the
study of the final size is extended to more sophisticated but realis-
tic epidemic models including households, multipopulation and
rumours; see, for instance, [10,12,20,25] and references therein.
As a few selected examples of approximations and asymptotic re-
sults, we mention the papers [11,13,25].

Our purpose in this paper is twofold. First, we are interested
in the distribution of the number of recovered individuals, not
only during the time until the absorption, but also in transient
regime. This objective is a distinguished feature of our approach
in comparison with the existing literature which is referred to
the entire time till absorption. In our opinion, both approaches
are worthy of being investigated. First, the analysis of the
descriptor till the end of the epidemic provides a clear picture
of the global magnitude of the epidemic. However, sometimes
the time to extinction may be extremely long and it may be use-
ful to take management actions in the light of the information
collected during a time interval, let us say [0,t]. Thus, the tran-
sient approach is also useful in its own right. As related work,
we mention the recent paper [5], where the transient approach
was used to study the maximum number of infected individuals
in the SIS model.

The second purpose of the paper is to study the number of
recovered individuals in the susceptible-infected-susceptible
(SIS) stochastic model. In the SIS epidemic model, the set of
absorbing states reduces to the sole state 0. Moreover, individuals
can recover from the disease but do not develop immunity. Thus,
a marked individual can be infected, and consequently recovered,
several times. This indicates that the number of recovered indi-
viduals (i.e., the subject matter of this paper) is different from
the final epidemic size defined for SIR models, but it gives a nat-
ural analog. Similar descriptors are independently considered in
[4], for a population growth model, and in [29], where the size
of an individual outbreak is measured in terms of the number
of infection cases. Later on, in Section 2, we will show how the
number of recovered individuals and the number of infected indi-
viduals determine each other reciprocally. Except these two re-
cent papers, as far as the authors know, the number of infected
individuals that recovered has not been investigated in the SIS
setting.

Along the paper, we focus on the basic formulations of the clas-
sical SIS and SIR epidemic models as they can be found in many
textbooks [2,9,18]. A replicated version of the SIR model provides
the appropriate framework for the investigation of the outbreaks
of extended-spectrum beta-lactamase (ESBL) reported from the
Fundacién Jiménez Diaz - Capio hospital. Our methodology could
be extended to more complicated stochastic epidemic models. In
this sense, we mention that the existing literature is rich in vari-
ants and generalizations, please see some recent papers
[12,15,22,29,34] and references therein.

The rest of the paper is organized as follows. In Section 2, we
consider the SIS model. We perform an exhaustive analysis of
the number of recovered individuals both before the extinction
and in transient regime. Our study includes generating functions,
moments and a direct computational method for the mass prob-
abilities. A parallel analysis for the SIR model is given in Sec-
tion 3. Our numerical experiments, including the investigation
of the outbreaks of ESBL, are presented in Section 4. Concluding
remarks are presented in Section 5. For the sake of complete-
ness, we also give results for the transient study of the number
of infected individuals. Since the arguments are similar to those
given for the number of recovered individuals, we avoid unnec-
essary repetitions and we just summarize the main results in the
Appendices.

2. The basic SIS epidemic model

The model we consider is the stochastic SIS model. However, we
first describe a more general birth-and-death process. Consider a
closed population of size N. At time t, the population consists of
I(t) infected individuals and S(t) = N — I(t) susceptible individuals.
We suppose that the process {I(t); t > 0} is a birth-and-death pro-
cess with state space S={0,...,N}. Given that there are i infected
individuals, the birth rates 4;>0, for 1 <i<N -1, (/y=0) corre-
spond to transitions occurring when a susceptible individual be-
comes infected, whereas the death rates y;>0, for 1 <i<N, are
associated to the recovery of infected individuals. From this
description, it is assumed that individuals do not develop immu-
nity whenever they recover. The epidemic ends as soon as there
are no infectives in the population. Thus, we take 1o =0 in agree-
ment with the fact that the origin is an absorbing state. Since
S\{0} is finite and irreducible, the absorption occurs in a finite time
with probability one.

From the general birth-and-death formulation, we may derive
many particular cases including the basic formulation of the sto-
chastic SIS model, whose rates are given by Z; =£i(N —1i) and
u;=7i. The parameters 8 and y denote the effective contact and
recovery rates, respectively. The transitions among states are rep-
resented in Fig. 1.

2.1. The number of individuals recovered before the extinction

We are concerned with the distribution of the recovered indi-
viduals prior to disease extinction. Given the initial condition
1(0) = i, we denote by NF the total number of individuals recovered
before the extinction. We further denote the number of individuals
infected during this period by N. Then, it is clear that

NF =N 11, (2.1)

Since Nf and N! determine each other through formula (2.1), we
only need to study one of them, let us say Nf. In what follows, we
omit the superscript and denote Nf simply by N;.

In the rest of this section, we study the main characteristics of
the distribution of N;. An alternative transient analysis which is re-
ferred to any time interval [0, t] rather than to the extinction time
is presented in Section 2.2.

2.1.1. The generating functions

Let ¢i(z) be the generating function of N; that is,
¢i(2) = E[2M] = >_0Z*P{N; = k}, for |z| < 1. By conditioning on the
state visited after the first transition, we get the equations govern-
ing the generating functions ¢;(z):

$o(2) =1, (2.2)
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From Egs. (2.2) and (2.3), it is possible to develop a stable recur-
sive scheme involving only algebraic operations with positive
terms. The trick is to use a forward-elimination-backward-substi-
tution (FEBS) argument in combination with an appropriate
change of variables. For details, see [5] where similar schemes
are also obtained. Then, numerical inversion can be performed
with the help of a Fast Fourier Transform (FFT) algorithm [30].
In this way, we have a first method for the computation of the
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Fig. 1. States and transitions in the SIS epidemic model.
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