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For a one- or two-dimensional lattice of finite length consisting of populations, each of which has the same
population size, the classical stepping-stone model has been used to approximate the patterns of varia-
tion at neutral loci in geographic regions. In the pioneering papers by Maruyama (1970a, 1970b, 1971)
the changes of gene frequency at a locus subject to neutral mutation between two alleles, migration, and
random genetic drift were modeled by a vector autoregression model. Maruyama was able to use the spec-
trum of the migration matrix, but to do this he had to introduce approximations in which there was either
extra mutation in the terminal populations, or extra migration from the subterminal population into the
terminal population. In this paper a similar vector autoregression model is used, but it proves possible to
obtain the eigenvalues and eigenvectors of the migration matrix without those approximations. Approxi-
mate formulas for the variances and covariances of gene frequencies in different populations are obtained,
and checked by numerical iteration of the exact covariances of the vector autoregression model.

Geographic differentiation
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Stepping stone models of migration on rectangular lattices of
populations have become of increasing interest as samples of many
SNP loci have been collected in contiguous geographic areas, par-
ticularly in human populations. Stepping-stone models were pi-
oneered independently by Malécot (1951) and by Kimura (1953);
Kimura and Weiss (1964). They considered lattices of infinite num-
bers of populations connected by migration in one and two dimen-
sions, and derived expressions for the genetic variability expected
in the populations in a balance between mutation and genetic drift
of neutral alleles.

Lattices of finite size are of greater practical interest as mod-
els of real populations. Malécot (1948, 1950) pioneered them, us-
ing a model of a torus or circle of a finite number of populations.
Maruyama (1970a,b, 197 1) was the first to consider stepping stone
models for ordinary one- and two-dimensional linear or rectangu-
lar lattices of finite numbers of populations. He gave expressions
for the variances and covariances of gene frequencies for arbitrary
pairs of populations when there was a two-allele neutral muta-
tion model in which the population had reached its equilibrium
distribution. To do so he used an approximate model which had
some lack of realism in the treatment of migration into the terminal
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populations of the lattice. He considered different variations in the
way these terminal populations were modeled.

In the present paper [ will treat a more exact model with a more
realistic pattern of migration into the terminal populations. The
results are similar, but not identical, to Maruyama'’s results.

Patterson et al. (2006) have pointed out the importance of using
the eigenvectors and eigenvalues of the variation in gene frequen-
cies in principal components analysis of data from different popu-
lations, an approach which goes back to Menozzi et al. (1978) and
is reviewed by Cavalli-Sforza and Feldman (2003). An important is-
sue is the interpretation of any significant patterns of geographic
differentiation that are found. They do not necessarily indicate his-
torical events such as waves of migration.

Novembré and Stephens (2008) have pointed out that the
eigenvectors of a lattice model of migration are startlingly simi-
lar to principal components found for gene frequency patterns in
geographic studies of genetic variation. When one of these prin-
cipal components is seen, this makes it less obvious that it must
arise from a historical invasion event, as the stepping stone models
do not include historical invasions. They pointed out that migra-
tion matrices such as the ones Maruyama used fall into the class
of Toeplitz matrices (Gray, 2006) for which the eigenvectors and
eigenvalues can readily be computed. The more exact model which
we use here has migration matrices that are not precisely Toeplitz
matrices. It turns out that their eigenvalues have similarities with
those of Maruyama'’s matrices, and their eigenvectors are readily
found.
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The immediate purpose of obtaining expressions for the covari-
ances will be to approximate the joint distribution of gene frequen-
cies in the populations by a multivariate normal distribution, for
which the expectations and covariances are all that we need to de-
termine the distribution. The expectations are easy to obtain; the
covariances do still require one approximation but, when checked
against an exact numerical solution of the equations, seem closer
to the correct values than Maruyama’s approximations are. The
joint distribution of gene frequencies will not actually be normal,
but for cases with small departures of gene frequencies from their
expectations it will come close to being multivariate normal. Else-
where I hope to discuss the development of an approximate max-
imum likelihood inference of the parameters of the model using
this approximation. The formulas developed here may also be use-
ful to others working with finite stepping-stone models who wish
to have a closer approximation of the covariances of gene frequen-
cies than has hitherto been available.

1. The model

The finite stepping-stone model is a linear lattice of n; popula-
tions (if in one dimension) or a rectangular lattices of n; x n, pop-
ulations (if in two dimensions). Analogous models can be erected
in higher numbers of dimensions. Each population has the same
size, N individuals. The model has discrete, nonoverlapping gener-
ations. In each generation an infinite number of offspring are pro-
duced in each population. From these a random N are chosen to
survive to be the adults of the next generation. The population sizes
thus remain constant.

Each individual among the offspring is diploid, and has two par-
ents. Migration enters the picture in the locations of the parents.
For most of the populations in a one-dimensional lattice, there is
a probability 1 — m that a particular individual drawn to be a par-
ent comes from the same population. In a one-dimensional lattice
there is a probability %m that this parent comes from the popula-

tion to the left, and a probability %m that it comes from the popu-
lation to the right. The exception is when the offspring population
is the first or the last in the lattice. Then there is a probability %m
that it comes from the adjacent population, and the rest of the time,
1-— %m of the time, it comes from the same population.

If the lattice is a two-dimensional one, the same process is imag-
ined to occur in both dimensions, completely independently. Thus
for a population that is not on a boundary of the lattice, a parent for
the (i, j) population may have come from that population, or from
any of the 8 populations surrounding that one, as shown in Fig. 1.
It can have come from the four populations adjacent on diagonals
with probability %mz each, and from the four populations adjacent
in one direction with probability %m(l —m) each. With probability
(1—m)? it comes from population (i, j). If the population is on one
of the boundaries of the two-dimensional lattice, but not at a cor-
ner, its parents come from the two adjacent side populations with
probability 2m (1 — m) each, from the adjacent interior popula-
tion with probability %m(] — m), from the two nearest diagonal
populations with probability %mz each, and hence from the same

population the remaining (1 — %m) (1 —m) of the time. When the
population is in a corner of the lattice, a parent comes from the
two nearby populations with probability %m(l — %m) each, from
the one population one step away on the diagonal with probability
%mz, and from that population itself with the remaining probabil-
ity (1— m)?.

These seemingly complicated patterns are really just the con-
sequence of having %m come from each neighboring population in
one dimension, with the two-dimensional pattern being indepen-
dent movement in the two dimensions.

Fig. 1 shows the migration rates in the present model in one-
and two-dimensional lattices. This is slightly different from the mi-
gration pattern usually used in two-dimensional stepping-stone
models. In most previous work, in two dimensions the migration
can only come from one of the two populations immediately ad-
jacent in one dimension, or immediately adjacent in the other di-
mension. Migrants could only come from populations (i—1, j), (i+
1,j), (1,j—1),o0r (i, j+1). The present scheme, in which migration
occurs or not in either dimension, independently, leads to greater
mathematical tractability. It is worth noting that such a scheme is
also implicit in Maruyama'’s papers.

The model follows the gene frequency of one allele at a locus, in
the presence of migration, mutation, and genetic drift. The model
of mutation has two alleles with mutation back and forth between
them. If the mutation rate from A to a is w, and the mutation rate
from a to A is v, the equilibrium gene frequency isp = v/(u + v).
Mutation in such a one-locus model acts as if it were a form of mi-
gration. If we set an additional rate of migration into each popu-
lation of m,, = u + v, and have these immigrant copies of the
gene be drawn from a pool in which the gene frequency of A is p,
this will be indistinguishable from a model that has migration plus
mutation between two alleles.

In the present model, parents are chosen according to the mi-
gration model, with the two parents of an individual independently
drawn. Each parent contributes an allele to the offspring. Muta-
tion occurs (or does not) for each copy of the gene. Each population
thus has a pool of newborn offspring, whose genetic composition
is characterized by the gene frequency of the A allele (which I will
call p). Among these offspring, the model makes the presence or
absence of the A allele at each copy from that pool independent of
the other copies, so that we do not need to concern ourselves with
the diploid genotype frequencies in the pool.

Genetic drift occurs by sampling N diploid individuals from the
offspring pool, without replacement. As the presence of the A allele
in each copy in the diploid individuals is independent, this has
the same effect as drawing 2N times from a pool which has gene
frequency p.

We can take the gene frequencies in the local populations and
arrange them in a column vector, whose length is the number of
populations. For the two-dimensional case this involves taking the
gene frequencies in the rows of the array of populations, forming
each into a column vector, and stacking them on top of each other,
so that the first two entries in the vector are the gene frequencies
for populations (1, 1) and (1, 2). Let the populations now be num-
bered in the order in which they appear in this vector.

For both one- and two-dimensional cases we will see below
that we can use the migration pattern to create a migration matrix
M whose elements m;; are the probability that a copy of the gene
found in the newborn offspring pool for population i came from a
parent which was in population j, we can then write for population
i the gene frequency in the next generation:

n
pi=(1—mw) > mypj+mp+e (1)
=

where ¢; is the change due to genetic drift. The random variable p; is
a binomial proportion after 2N trials with a probability of success
equal to the sum of the first two terms on the right-hand side of
this equation. The expectation of ¢; is thus zero.

This set of equations can be put into matrix form as

P = (1 — meo)Mp® + mop1 + 6, (2)

where the vector 1is a column vector of 1's and p**) is the vector of
gene frequencies in the populations in the adult stage of generation
t. This equation is true for any pattern of recurrent migration, not
just for stepping-stone lattices.
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