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a b s t r a c t

This paper presents a branching process approach to determine the main performance
measures of a variety of conflict resolution algorithms known as tree algorithms with free
access. In particular we present an efficient approach to calculate the mean delay, number
of transmission attempts, collision resolution interval length and energy usage with arbi-
trary precision.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Tree algorithms (TAs) form a well studied class of con-
flict resolution algorithms [1–7]. Depending on the manner
in which new users join the channel, they are termed free
or blocked access TAs. Under free access users transmit
new packets at the start of the next time slot, meaning
no channel sensing is required. Under blocked access some
rules are in place that indicate when a new user is allowed
to transmit a packet for the first time, which requires
either limited or full sensing of the channel. It is fair to
state that free access algorithms are typically harder to
analyze than their blocked access counterparts, which is
one of the reasons why fewer results on free access algo-
rithms have appeared in the literature.

In this paper we extend the branching process approach
of [8], which was used to study the maximum stable
throughput (MST) of the same class of tree algorithms as
considered in this paper, to analyze the mean delay, mean

number of transmission attempts, mean length of the con-
flict resolution interval (CRI) and mean energy usage. As
such the current paper heavily relies on the technique
developed in [8] and the derivation of the mean length of
the CRI is a rather trivial extension. However, extending
the approach in [8] to determine the mean delay, mean
number of transmission attempts and mean energy usage
is far less obvious as one needs to determine, amongst oth-
ers, the distribution of the number of packets that are trans-
mitted during a packet’s first transmission attempt (called
the top-of-stack observed states in [9]). Once this distribu-
tion is obtained, it is not hard to adapt the branching process
of [8] to determine the mean number of transmission at-
tempts, but adapting it to determine the mean delay (and
energy usage) from this distribution is still less obvious.

Existing results for the mean delay or energy character-
istics [9–11] are typically expressed through some opera-
tor S(f(�),z) (see Section 4.6 for details), the numerical
evaluation of which is very time and memory consuming
and can often only be used to compute the first 4 or 5 digits
accurately. Our branching approach on the other hand re-
quires hardly any time (a fraction of a second) or memory
and is able to produce results with very high accuracy (15
digits or more).
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One of the key characteristics of the branching process
approach in [8] is the use of the truncation parameter d.
Numerical experiments showed that the MST could be
determined with a precision of as many as 15 digits even
for moderate values of d, e.g., d 6 20. The branching pro-
cess approach introduced in this paper also relies on the
truncation parameter d and we show that the approach
can be used to calculate the performance measures of
interest up to arbitrary precision by comparing them to
the results presented in [9–12]. The method of [13,14] can-
not be used to study the impact of d as it relies on a similar
truncation. Apart from reproducing the existing results of
[9,11,12], we also obtain many new results for other TAs
with free access. All of these novel results were confirmed
by means of discrete event simulations.

We consider the following standard channel model and
user behavior (see [3–5] for a detailed discussion):

1. The channel is divided into fixed length time slots and
all packets have the same length as a slot. Users are only
allowed to start transmitting at the beginning of a time
slot.

2. There is an infinite set of users whose aggregate packet
generation process is a Poisson process with rate k > 0.

3. Whether a transmission is successful only depends on
the number of packets sent during the particular slot.
Packet reception fails whenever two or more packets
are transmitted simultaneously.

4. At the end of each time slot, the receiver sends either
binary (collision/no collision) or ternary (idle/success/
collision) feedback to the users.

While analyzing the TAs considered in this paper we of-
ten relax some of the four assumptions above, for instance
we will consider channels with errors, multiple reception
capabilities and probabilistic capture. Although all the pre-
sented numerical results assume Poisson arrivals, the
branching process approach presented in this paper can
be readily extended to any arrival process in which the
number of arrivals in consecutive time slots are indepen-
dent and identically distributed.

The paper is structured as follows. We start by discuss-
ing some related work in Section 2. Next, in Section 3 we
briefly revisit the operation of the basic q-ary TA, the defi-
nition of a multi-type branching process and the manner in
which these processes were used in [8] to determine the
MST. Our branching process approach to compute the
mean delay, mean number of transmission attempts, mean
CRI duration and mean energy usage of the basic q-ary TA
is discussed in detail in Section 4, while Section 5 indicates
that the same general approach can be used to analyze a
large variety of free access TAs without much additional
effort. All the results in Sections 4 and 5 have either been
validated by existing results or simulation. Concluding
remarks are given in Section 6.

2. Related work

The maximum stable throughput (MST) under free ac-
cess was obtained for the basic and modified q-ary TA in

[15,2], for a channel with errors in [16,17], for variable
length packets in [10], while [12] analyzed the impact of
having some control sub-channels with separate feedback
and [18] considered a system in which an interference can-
cellation mechanism is deployed. For other performance
measures such as the delay or energy usage even fewer
analytical results are available.

The delay of the basic binary TA algorithm with free
access is analyzed in [9] using functional equations. The
solution of these equations is expressed through some
operator S(f(�),z) which is defined as a sum over a semi-
group H. Numerically evaluating this operator (for p – 1/
2) is computationally heavy and considerable care is
needed even when computing the first 5 digits only. A
similar approach as in [9] was used in [10] to obtain the
delay characteristics of a TA with variable length packets.
The mean energy usage of the basic binary TA with free
access was determined in [11] and was defined based on
the mean delay E[D] and mean number of transmission at-
tempts E[T], where E[T] was expressed using the same
operator S(f(�),z). A computational method based on ma-
trix analytic methods to calculate the mean delay of the
basic q-ary TA was also presented in [13,14]. Finally,
[12] provided a closed form expression for the mean delay
in case of an infinite number of control sub-channels,
which corresponds to the coordinated splitting algorithm
in [8].

More recently, a novel technique to determine the MST
of TAs with free access was presented in [8]. Given the ar-
rival rate k and a particular TA with free access, the tech-
nique existed in defining a branching process such that
the process is sub-critical if and only if the TA is stable un-
der Poisson arrivals with rate k. The MST of various TAs
with free access could therefore be determined in an effi-
cient manner by means of a simple bisection algorithm.

3. Preliminaries

Before introducing our branching process approach in
Section 4, we briefly discuss the operation of the basic q-
ary algorithm, the definition of a multi-type branching pro-
cess and the branching process used in [8] to determine
the MST of the basic q-ary TA.

The basic q-ary TA with free access, where q P 2 is an
integer, operates in the following manner. Whenever a
user has a packet ready for transmission, he becomes ac-
tive. All active users maintain a single variable called the
counter, the value of which is updated at the end of each
time slot. A user is allowed to transmit in the next slot
whenever his counter equals zero. Users that become ac-
tive initialize their counter to zero and are therefore al-
lowed to transmit in the next time slot. Binary feedback
is provided at the end of each time slot and the counter
of a user is updated as follows:

1. If the slot holds a collision, all users with a counter lar-
ger than zero increase their counter by q � 1. Each user
involved in the collision sets his counter equal to i, with
probability pi+1, for i = 0, . . . , q � 1. The probabilities p1,
. . . , pq are protocol parameters that sum to one.
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