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a b s t r a c t 

We study the reclamation process of a sodic soil by irrigation with water amended with calcium cations. 

In order to explore the entire range of time-dependent strategies, this task is framed as an optimal con- 

trol problem, where the amendment rate is the control and the total rehabilitation time is the quantity 

to be minimized. We use a minimalist model of vertically averaged soil salinity and sodicity, in which the 

main feedback controlling the dynamics is the nonlinear coupling of soil water and exchange complex, 

given by the Gapon equation. We show that the optimal solution is a bang–bang control strategy, where 

the amendment rate is discontinuously switched along the process from a maximum value to zero. The 

solution enables a reduction in remediation time of about 50%, compared with the continuous use of 

good-quality irrigation water. Because of its general structure, the bang–bang solution is also shown to 

work for the reclamation of other soil conditions, such as saline–sodic soils. The novelty in our modeling 

approach is the capability of searching the entire “strategy space” for optimal time-dependent protocols. 

The optimal solutions found for the minimalist model can be then fine-tuned by experiments and nu- 

merical simulations, applicable to realistic conditions that include spatial variability and heterogeneities. 

© 2016 Elsevier Ltd. All rights reserved. 

1. Introduction 

In arid and semi-arid areas, where good-quality water for ir- 

rigated agriculture is scarce, inadequate management of soil and 

water resources can lead to soil sodification [1] . Soil sodicity is 

characterized by a relative high concentration of sodium cations 

in the exchange complex or in the soil water, causing negative ef- 

fects on the physical and chemical properties of the soil. Among 

the physical changes are the breakdown of macroaggregates (slak- 

ing), the release of individual clay platelets from aggregates (dis- 

persion), and surface crusting, which have a detrimental impact 

on hydraulic conductivity, infiltration rate, seedling emergence and 

water holding capacity [2–4] . Chemical effects of sodicity include 

specific ion deficiencies and toxicities [5] . 

Several amelioration methods exist for reducing the relative 

amount of sodium in the soil, including the use of chemical 

amendments (most commonly calcium-based) [6,7] , application of 

high electrolyte water [8] , and phytoremediation [9] . For a review 

on the amelioration of sodic soils see [10] . Sodic soil reclama- 

tion can be very costly and resource intensive (in terms of water, 

amendments, time, etc.), although arguably not as expensive as a 
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“no action” policy [11] . Therefore, from an economic and environ- 

mental perspective, it is important to find strategies that optimize 

resource usage. 

The main approaches used so far to tackle this challenge are ex- 

periments and computer simulations. On the one hand, field and 

laboratory experiments have been employed to compare different 

reclamation and management strategies for specific soil conditions, 

and determine the ones that “most effectively” reduce sodicity and 

improved soil structure [12–19] . On the other hand, computer sim- 

ulations of unsaturated water flow and solute transport have the 

advantage of being able to examine the effectiveness of different 

reclamation methods for various soil conditions with little costs 

and in much faster times, compared to experiments [20–22] . 

However, both experiments and cumbersome computer simula- 

tions have limited probing power with regard to time-dependent 

reclamation strategies. Of the uncountable ways one can choose to 

reclaim sodic soils, these two approaches can usually only compare 

the outcomes of changing one or more parameters (called control 

parameters), while keeping them fixed in time throughout the ex- 

periment or simulation. 

In order to be able to compare a continuum of scenarios and 

reclamation protocols, in this paper we make use of optimal con- 

trol theory. This allows us to find optimal reclamation strategies 

in the entire “strategy space”, where the control parameter can be 

continuously changed in time. For this, we introduce a minimal- 

ist model for the dynamics of soil salinity and sodicity [23] , that 
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is amenable to analysis and that is suitable for solving the opti- 

mal control problem, while retaining the essential elements of the 

physical problem. In this model, we assume that irrigation is the 

main water input (e.g., negligible precipitation during a Mediter- 

ranean dry season), and that the agricultural soil is relatively ho- 

mogeneous, so that the variables may be averaged over the spatial 

dimensions. Our main goal here is to show that optimal control 

theory can be a very useful tool in the problem of degraded soil 

reclamation, and the specific model in question provides a conve- 

nient test case for our approach. 

Optimal control theory has been used in many modern envi- 

ronmental challenges, such as the management of soil and water 

resources [24] , soil erosion [25] , pollution [26] , forest carbon se- 

questration [27] and urban drainage systems [28] . In the case of 

agricultural systems, its use has been mainly focused on irrigation 

water allocation [29–31] and greenhouse management [32,33] . To 

the best of our knowledge, however, this is the first study on opti- 

mal control of sodic soil reclamation. 

Within the broader topic of sodic soil reclamation, this work 

concerns the problem of finding a rehabilitation protocol that al- 

lows the reclamation of a sodic soil in the least possible time, 

by means of irrigation with calcium-based amendments. Thus, the 

amelioration process is viewed as an optimal control problem [34] : 

the amount of calcium added to irrigation water is the control, 

and the optimal strategy is the time-dependent addition of calcium 

that takes the system from a sodic condition to a desired “normal”

soil target, while minimizing a “cost”, in our case, the total time. 

In the course of this paper we will show that the optimal strategy 

is able to cut by about half the reclamation time (also the amount 

of irrigation water used), compared to simply using good-quality 

water to flush sodium cations from the root zone. Although highly 

idealized, this theoretical estimate provided by control theory of- 

fers an upper bound that can serve as a benchmark in actual reha- 

bilitation efforts in the field [10] . 

The paper is structured as follows. Section 2 describes the 

model for the dynamics of soil salinity and sodicity. In Section 3 

the model is linearized and, by using the tools of optimal control 

theory, the optimal strategy for the control is calculated analyti- 

cally. Appendix A , at the end of the paper, describes the more cum- 

bersome arguments involved in the analysis of Section 3 . Finally, in 

Section 4 , we discuss the conclusions and future directions. 

2. Dynamics of salinity and sodicity in the soil 

We will briefly review the differential equations that govern the 

dynamics of soil salinity and sodicity. A detailed description of the 

model can be found in [23] . 

The dynamics of salt and sodium cations in the root zone is 

modulated by the dynamics of water in the soil. We assume here 

that irrigation is the dominant input of water. This assumption is 

reasonable when precipitation is negligible, as in a Mediterranean 

dry season or in case of a greenhouse, and that there is no upward 

flux of water from the water table due to capillarity. The irrigation 

rate, denoted by I , is constant in time , and its electrolyte concen- 

tration is C I . For analytical tractability, we also consider the evap- 

otranspiration rate T to be constant in time, a reasonable assump- 

tion in irrigated soils. Both I and T are given in mm/d or L/m 

2 /d. 

We model here a flat and relatively homogeneous agricultural plot, 

therefore all the variables are vertically lumped over the rooting 

depth Z r = 0 . 4 m. For moderate irrigation rates, no ponding will 

occur, and the steady-state percolation reads simply I − T . Writ- 

ing the percolation function as L (s ) = rK s s 
c [35] , we can find the 

steady-state soil water volume per unit area w (L/m 

2 ) as 

w = nZ r 

(
I − T 

rK s 

)1 /c 

, (1) 

where n is the porosity, K s is the saturated hydraulic conductiv- 

ity, and the parameter c depends on the soil properties [36] . The 

parameter r modulates the saturated hydraulic conductivity as the 

salinity and sodicity of the soil change. We will leave the discus- 

sion on this dependence to Section 2.2 , after the salinity and sod- 

icity variables are introduced. 

By writing the balance equation for salt, represented by the to- 

tal amount of sodium and calcium cations in the root zone, one 

obtains an equation for the electrolyte concentration of soil water 

C [23] , 

d C 

d t 
= 

IC I 
w 

− I − T 

w 

C, (2) 

where both C and C I are in millimoles of charge per liter 1 , or 

mmol c /L. The first term in the right-hand side of Eq. (2) is the salt 

input due to irrigation, and the second term is the salt output due 

to water percolation I − T to deeper soil layers. We consider the re- 

habilitation efforts to take place before the growing season, there- 

fore the equation above does not include salt uptake by plants. 

This linear equation has a characteristic time scale 

τC = w/ (I − T ) in which the system converges to its steady state 

C • = IC I / (I − T ) . 

Cations in the soil water can replace readily exchangeable 

cations adsorbed to soil particles, in a process called cation ex- 

change. This reaction has a time scale of minutes to hours, while 

salinity and sodicity processes take place at much longer time 

scales of weeks to months. For this reason, we assume the ex- 

change reaction to be in a local thermodynamic equilibrium, which 

in turn warrants the use of the well known Gapon equation 

[23,37] , linking the sodium cation in the soil water to that in the 

exchange complex. 

The relative amount of sodium in the exchange complex is sim- 

ply the ratio of sodium cation concentration to the total concen- 

tration of adsorbed cations (or the cation exchange capacity, C cec ). 

This quantity is called the equivalent fraction of sodium in the ex- 

change complex, denoted here by E , or when expressed as a per- 

centage, the exchangeable sodium percentage ( esp ). The relative 

amount of sodium in the irrigation water is the equivalent frac- 

tion E I , while the equivalent fraction of sodium in the soil water is 

denoted here by E s . 

Using the equivalent fractions of sodium defined above, the 

Gapon equation can be written as 

E 

1 − E 
= K g 

√ 

2 C 
E s √ 

1 − E s 
, (3) 

where K g is the Gapon selectivity coefficient. The value of K g is 

soil-specific, ranging from 0.0072 to 0.01740 (mmol c /L) −1 / 2 [38,39] . 

Here we use K g = 0 . 01475 (mmol c /L) −1 / 2 , which represents a mean 

behavior of 59 soil samples of varied origin, as reported in 1954 

by the United States Salinity Laboratory Staff [40] . In this report, 

Eq. (3) is presented as esr = K g sar , where esr = E(1 − E) −1 is 

the exchangeable sodium ratio, and sar = [ Na + ][ Ca 2+ ] −1 / 2 is the 

sodium adsorption ratio, and the brackets denote molar concen- 

tration in mmol/L. The sodicity of a solution is usually measured 

by the sar , but in this paper we use the equivalent fraction of 

sodium for modeling convenience. However, the sar can be eas- 

ily related to the right-hand side of Eq. (3) , by using the ex- 

pression sar = 

√ 

2 C z E z (1 − E z ) 
−1 / 2 , where C z and E z are the elec- 

trolyte concentration and exchangeable sodium fraction of the so- 

lution z in question (either soil solution or irrigation water, in our 

case). 

1 Note that the quantity mmol c /L coincides with the SI units mol c /m 

3 . 
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