
A smoothed particle hydrodynamics model for droplet and film flow
on smooth and rough fracture surfaces

J. Kordilla a,⇑, A.M. Tartakovsky b, T. Geyer a

a Geoscientific Centre, University of Göttingen, Goldschmidstr. 3, D-37073 Göttingen, Germany
b Computational Mathematics Group, Pacific Northwest National Laboratory, Richland, WA 99352, USA

a r t i c l e i n f o

Article history:
Received 20 November 2012
Received in revised form 24 April 2013
Accepted 26 April 2013
Available online 10 May 2013

Keywords:
Unsaturated flow
Fractured rocks
Smoothed particle hydrodynamics
Gravity-driven flow
Film flow
Surface tension

a b s t r a c t

Flow on fracture surfaces has been identified by many authors as an important flow process in unsatu-
rated fractured rock formations. Given the complexity of flow dynamics on such small scales, robust
numerical methods have to be employed in order to capture the highly dynamic interfaces and flow inter-
mittency. In this work we use a three-dimensional multiphase Smoothed Particle Hydrodynamics (SPH)
model to simulate surface tension dominated flow on smooth fracture surfaces. We model droplet and
film flow over a wide range of contact angles and Reynolds numbers encountered in such flows on rock
surfaces. We validate our model via comparison with existing empirical and semi-analytical solutions for
droplet flow. We use the SPH model to investigate the occurrence of adsorbed trailing films left behind
droplets under various flow conditions and its importance for the flow dynamics when films and droplets
coexist. It is shown that flow velocities are higher on prewetted surfaces covered by a thin film which is
qualitatively attributed to the enhanced dynamic wetting and dewetting at the trailing and advancing
contact lines. Finally, we demonstrate that the SPH model can be used to study flow on rough surfaces.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Understanding the physics of fast flow through unsaturated
fractured rocks is important for management of groundwater re-
sources and prediction of repository performance in hard rock re-
gions [1,2]. The uncertainties range from process understanding
at local scale to that of hydraulic understanding of regional fault
zones [3]. Simulation of unsaturated flow in hard rocks represents
a challenge due to highly non-linear free-surface flow dynamics
and the complexity of interactions between flow in a fracture
and the surrounding matrix. Hard rock formations contain frac-
tures and other discontinuities with varying spatial parameters
including orientation, density and aperture distributions [2]. Volu-
metric flow rates of water in unsaturated fractures may differ by
several orders of magnitude from flow rates through the porous
rock matrix. In sites where the rock matrix has a small permeabil-
ity, fractures may provide the primary pathways for percolation of
water to the phreatic zone [4]. In this case, classical modeling ap-
proaches [5,6] for unsaturated flow in porous media may not be
accurate for flow in fractured rocks.

Recent laboratory experiments of Tokunaga and Wan [7] and
Tokunaga et al. [8] have shown that film flow contributes signifi-
cantly to the overall unsaturated flow in fractured rocks. Depend-
ing on the matric potential, i.e., the saturation of the matrix, films

with thickness up to 70 lm and average flow velocity of 3 � 10�7 m/s
may develop on fracture surfaces providing an efficient preferen-
tial pathway for laminar flow. Even faster flow velocities on frac-
ture surfaces may develop due to the presence of droplets [9,10],
continuous rivulets [11–15] and falling (turbulent) films [16]. As
noted by Doe [9] and Ghezzehei [16] these flow regimes may coex-
ist with adsorbed films, however their influence on the faster flow
regimes such as droplets has not been investigated by these
authors and is also part of this work.

Flow rates during transitions between droplets, rivulets and
falling films can range significantly in magnitude, and have been
investigated by Ghezzehei [16] using an energy minimization prin-
ciple. The approach is partially based on the findings of Podgorski
et al. [17]. The authors investigated droplet flow on inclined sur-
faces and proposed a dimensionless linear scaling law to quantify
flow velocities and provide a general framework and a unified
dimensionless description of such flow processes. In order to apply
the scaling to arbitrary fluid-substrate systems Ghezzehei [16]
introduced a dimensionless scaling parameter. In this study, we
employ this scaling law in a quantitative study of droplet flow on
dry and wet fracture surfaces.

Given the complexity of the small-scale flow dynamics and the
heterogenous nature of fractured rock surfaces, numerical models
provide a significant addition to laboratory experiments and ana-
lytical solutions to investigate these systems. Models have to re-
solve the highly dynamic fluid interfaces as well as boundary
geometries.
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Traditional grid-based methods, such as Finite-Element or Vol-
ume of Fluid [18,19] methods, in general require complex and
computationally demanding interface tracking schemes. Further-
more, these methods have to rely on empirical boundary condi-
tions specifying dynamic receding and advancing contact angles
as a function of velocity. Lagrangian particle methods offer a versa-
tile treatment of multiphase flows in domains with a complex
geometry. In particle methods, there is no need for front-tracking
algorithms to detect a moving interface as it moves with the parti-
cles. In addition particle methods are rigorously Galileian invariant
as particle interactions only depend on relative differences in posi-
tions and velocities of the interacting particles. Furthermore, parti-
cle methods exactly conserve mass, energy and momentum due to
antisymmetric particle–particle forces. Depending on the form of
forces acting between particles, particle methods can model fluid
flow on different spatio-temporal scales.

Molecular Dynamics (MD) is able to accurately model multi-
phase fluid flow on a molecular scale but modeling flow in a rea-
sonably-sized porous domain or fracture is far out of reach of
modern MD codes, even for state-of the-art High-Performance
computers.

Smoothed Particle Hydrodynamics (SPH) [20,21] can be seen as
upscaled formulations of MD in which particles represent fluid vol-
umes and forces acting between particles of the same fluid phase
are obtained from a meshless discetization of the Navier–Stokes
equations [22]. Due to the similarity to MD, the surface tension
and static and dynamic contact angles can be modeled via molec-
ular-like pair-wise interaction forces [23]. Making these forces
‘‘soft’’, i.e., creating forces that have a finite magnitude for small
(and zero) distances between a pair of particles, allows the SPH
multiphase model to simulate flow on hydrodynamics time and
length scales. A critical review of various numerical methods for
multiphase flows in porous and fractured media can be found in
Meakin and Tartakovsky [24]. Application of SPH for modeling flow
in porous media has been demonstrated by, authors [25–28].

In this work we use a SPH model to study free-surface fluid flow
on smooth and rough wide aperture fractures, i.e., flow bounded by
a single fracture surface. This SPH model has been used before to
study multiphase and free surface flows [23,29,30,27], but has
not been rigorously validated for three-dimensional free-surface
flow dominated by capillary forces. We demonstrate that the SPH
method of Tartakovsky and Meakin [23] can be applied to model
dynamics of droplets on dry surfaces. Our simulations show how
wetted surfaces naturally arise from droplet wetting dynamics
and demonstrate the effect of prewetted surfaces on droplet flow.

The objectives of this work are: (1) the verification of the SPH
model with existing empirical and semi-analytical solutions; (2)
the investigation of droplet wetting behavior on initially dry sur-
faces for a wide range of wetting conditions; and (3) the study of
transient droplet flow on fracture surfaces covered by adsorbed
films using the SPH model. To ensure numerical accuracy of the
SPH simulations, the effect of resolution on static contact angles
is investigated. Contact angle hysteresis for droplets in a critical
state, i.e., at the verge of movement, is simulated and compared
to laboratory data of ElSherbini and Jacobi [31,32]. Transient drop-
let flow is verified using the dimensionless linear scaling of Podgor-
ski et al. [17]. The formation of adsorbed films emitted from
droplets on initially dry fracture surfaces and their influence on
droplet flow is investigated. The effect of surface roughness on flow
velocities is demonstrated.

2. Method

In the following we give a brief description of the SPH method
and the governing equations. More detailed derivations and

approximations involved in the SPH method can be found for
example in [33,23].

To derive a SPH discretization of the Navier–Stokes equations,
one can start with the definition of the Dirac function, d,

f ðrÞ ¼
Z

X
f ðr0Þdðr � r0Þdr0; ð1Þ

where f ðrÞ is a continuous function defined on a domain X and r is
the position vector. In SPH, for computational reasons, the d func-
tion is replaced with a smooth, bell-shaped kernel function W
[33] that produces a smoothed approximation hf ðrÞi of f ðrÞ:

hf ðrÞi ¼
Z

X
f ðr0ÞWðjr � r0j; hÞdr0: ð2Þ

For the sake of simplicity we drop the angular brackets denoting the
approximation in the following. The kernel Wðjr � r0j; hÞ satisfies
the normalization conditionZ

X
Wðjr � r0j; hÞdr0 ¼ 1 ð3Þ

and has a compact support h such that Wðr; hÞ ¼ 0 for r > h , where
r ¼ jrj. In the generalized limit of h! 0, the following condition is
satisfied:

lim
h!0

Wðjr� r0j;hÞ ¼ dðr� r0Þ: ð4Þ

We use a fourth-order weighting function W [34]:

Wðjrj;hÞ ¼ ak
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ð5Þ

where ak ¼ 81=ð359ph3Þ.
Eq. (2) can be approximated as

f ðrÞ ¼
XN

j¼1

f ðrjÞWðjr� rjj;hÞDVj; ð6Þ

where the domain space is discretized with a set of N particles. If
f ðrÞ is a scalar or vector property of a fluid (e.g., fluid density or
velocity), then we replace the finite volume DVj by mj=qj (mj and
qj are the mass and mass density of a fluid carried by particle j)
and obtain a general SPH approximation for f and its gradient in
terms of the values f at points rj; fj ¼ f ðrjÞ,

f ðrÞ ¼
XN

j¼1

mj
fj

qj
Wðjr� rjj;hÞ; ð7Þ

and

rf ðrÞ ¼
XN

j¼1

mj
fj

qj
rWðjr� rjj;hÞ; ð8Þ

where rWðjr� rjj;hÞ is computed analytically from Eq. (5).
Flow of each fluid phase is governed by the continuity equation,

dq
dt
¼ �q r � vð Þ ð9Þ

and the momentum conservation equation

dv
dt
¼ � 1

q
rP þ l

q
r2v þ g; ð10Þ

subject to the Young–Laplace boundary conditions at the fluid–fluid
interface
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