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a b s t r a c t

A range of bed-load sediment transport formulae are used to run fully coupled, morphodynamic simula-
tions of one [1] swash cycle on an erodible plane beach. A system comprising shallow water equations
and Exner equation is solved, in which sediment transport rate q is either dependent only on depth aver-
aged velocity (u), or on u and water depth (h). The results are in agreement with equivalent uncoupled
results [2] in that all sediment transport formulae considered applied to the event of [1] yield net erosion
in the whole of the swash. Consistent with [3], however, full coupling yields significantly less erosion for
all the q ¼ qðuÞ formulae compared to the equivalent uncoupled results. It is shown that differences
between uncoupled and coupled approaches (for most formulae) accumulate over the course of the
swash event. The main reason for the reduced net erosion is the smaller maximum inundation. It is also
shown that including a dependence on h in the bed load sediment transport formula for fully coupled
simulations can result in net deposition in the upper swash.

Bed shear stress described by a Chezy law is further included in fully coupled simulations to examine
net beach change. Much reduced maximum inundation and net offshore sediment transport are pre-
dicted both for q ¼ qðuÞ and q ¼ qðh;uÞ. It is shown that although the net sediment flux at the base of
the swash under one [1] swash event is still offshore, deposition in the middle or upper swash may be
predicted when bed shear stress is included, particularly when the drag coefficient in the backwash is
reduced compared to that in the uprush, consistent with some in-situ measurements. The implication
is that bed shear stress must be included not just to obtain correct quantitative beach change, but also
to obtain correct qualitative beach behaviour.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The swash zone is a very dynamic and complex regime of the
nearshore, in which the beach face changes rapidly. On steeper
beaches bore-driven swash is the dominant swash motion and sig-
nificant progress in understanding bore behaviour has been made,
e.g. [4–6]. These motions also have significant implications for
planform evolution in the swash and its modelling [7,8].

Peregrine and Williams [1], henceforth PW01, generalized the
shallow water solution in [6], for the shoreline motion and its near
region, to the whole swash, leading to a dam-break problem on a
sloping bed. Work by Guard and Baldock [9] has indicated that
the PW01 solution is only a special case of the swash event in
[6], as it neglects the momentum behind the bore. However, subse-
quent work by Pritchard [10] suggests that modifying the hydrody-
namic boundary conditions does not make great qualitative
difference to net sediment transport. Pritchard and Hogg [2] looked
in detail at this event, in particular using depth-averaged velocity
(û) and flow depth (ĥ) from the PW01 analytical solution to

provide predictions of instantaneous equilibrium (steady state)
sediment transport and also bed-load transport over the swash
event. Then, by integrating over the swash duration (at each loca-
tion) they showed that a whole range of sediment transport formu-
lae, when interpreted as instantaneous sediment fluxes that adjust
immediately to change in flow, all yield qualitatively similar net
offshore transport at every point in the swash. For net deposition
to result in some regions of the swash (which it must sometimes
if beaches are not continually to be eroded) it was necessary either
to introduce a settling and entrainment lag, or to assume that sed-
iment is pre-suspended in the surf zone.

Subsequently, Kelly and Dodd [3] considered a fully coupled
model in which the flow equations and a bed evolution (Exner)
equation with sediment transport formula q̂ ¼ Aû3 (q̂ instanta-
neous sediment flux and A bed mobility parameter) are solved
simultaneously, and the bed change thus allowed to feed back onto
the swash hydrodynamics. Kelly and Dodd [3] showed that those
same PW01 initial conditions on an initially plane but now erod-
ible bed also lead to net erosion for the whole of the PW01 swash,
but significantly less than that predicted by the uncoupled model
[2]. In related work, qualitatively different bed profiles were ob-
tained by Briganti et al. [11] for the equivalent coupled, (initially)
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flat mobile-bed dam-break problem for the q̂ ¼ Aû3 formula, and
another equilibrium formula considered by Pritchard and Hogg
[2], q̂ ¼ Aĥû3 (A also bed mobility parameter). These results point
to the possible importance of considering different sediment trans-
port formulae when full morphodynamic coupling is implemented,
to the extent that different equilibrium sediment transport and
bed-load transport formulae may yield qualitatively different re-
sults from uncoupled predictions and from each other.

A further important physical mechanism affecting swash zone
dynamics is bed shear stress. Its effect is particularly significant
in the region of shallow water flow near the shoreline ([12,13]).
To what extent the bed shear stress influences sediment transport
in the swash, and whether a qualitatively different bed profile
could be predicted when bed shear stress is included are of great
interest and importance for the swash simulation.

Therefore in this work we examine a range of bed-load and
equilibrium sediment transport formulae similar to those exam-
ined by Pritchard and Hogg [2] under the PW01 swash event in
fully coupled simulations on a mobile, initially plane sloping bed.
The sediment transport formulae examined are consistent with
beaches where bed load transport is dominant, or on which sus-
pended load transport occurs but with negligible scour and settling
lag. The purpose is to examine the range of predictions for the dif-
ferent formulae, all of which are formulae in use in engineering
models or extensions thereof, in fully coupled simulations, these
being a true representation of morphodynamics on real beaches.
Further, differences between fully coupled and uncoupled ap-
proaches are considered, as well as what this means for numerical
modelling in the swash region (and also modelling of tsunami
inundation). Importantly, a particular focus is whether the same
event can yield net sediment movement of opposing signs depend-
ing on which sediment transport formula is used. Accordingly, we
also examine the general dependence of net beach change in the
swash via the sediment transport formula q, on powers of u and
h. Lastly, bed shear stress, in the form of a Chezy drag law, is in-
cluded in fully coupled simulations for the first time, to investigate
the effects of bed friction on the beach face evolution, for different
sediment transport formulae. The effect of varying drag coefficient
between uprush and backwash is also examined.

In the next section we present the equations examined. We
then state the sediment transport formulae to be examined in Sec-
tion 3. In Section 4 the PW01 event simulations are presented. Fi-
nally, conclusions are arrived at.

2. Mathematical model

2.1. Governing equations

The system of equations governing 1D shallow water flow with
a mobile bed is:

ĥt̂ þ ûĥx̂ þ ĥûx̂ ¼ 0; ð1Þ
ût̂ þ ûûx̂ þ gĥx̂ þ gbBx̂ ¼ 0; ð2Þ
bBt̂ þ nq̂x̂ ¼ 0; ð3Þ

where ĥ represents water depth (m), û is a depth-averaged horizon-
tal velocity (ms�1), bB is the bed level (m), q̂ is sediment flux (m2s�1),
which is, in general, a function of ĥ and û; n ¼ 1

1�p with p being bed
porosity, and g is acceleration due to gravity (ms�2). In Fig. 1 we
illustrate the situation being considered.

2.2. Non-dimensionalization

To make the results more intercomparable, we non-dimension-
alize all variables. Dimensionless variables are:

x ¼ x̂
h0
; t ¼ t̂

h1=2
0 g�1=2

; h ¼ ĥ
h0
; u ¼ û

ðgh0Þ
1=2 ;

B ¼
bB
h0

and q ¼ q̂
q0
; ð4Þ

where h0 is a length scale, and q0 represents a sediment flux scale.
Substituting (4) into the governing Eqs. (1) and (2) gives:

ht þ uhx þ hux ¼ 0; ð5Þ
ut þ uux þ hx þ Bx ¼ 0: ð6Þ

Assuming q ¼ qðh;uÞ and substituting (4) into (3) gives:

Bt þ rqhhx þ rquux ¼ 0; ð7Þ

where r ¼ nq0

g1=2h3=2
0

.

These equations can be written in vector form:

U
!

t þ AðU!ÞU!x ¼ 0 ð8Þ

with

U
!¼

h

u

B

2
64

3
75; AðU!Þ ¼

u h 0
1 u 1

rqh rqu 0

2
64

3
75:

The eigenvalues of A are the roots of the polynomial,

k3 � 2uk2 þ ðu2 � rqu � hÞkþ rðuqu � hqhÞ ¼ 0; ð9Þ

the roots of which may be denoted k1; k2 and k3, such that
k1 6 k3 6 k2. When r! 0, one root tends to 0, and the other two
tend to the corresponding hydrodynamic characteristic speeds.

2.3. Riemann equations and numerical solution

The specified time interval method of characteristics (STI MOC)
which has been successfully used in [3,14] is employed. The result-
ing Riemann (characteristic) equations for a general formula qðh;uÞ
are:

RðkÞ ¼ kk
du
dt
þ kk þ rqh

kk � u
dh
dt
þ dB

dt
¼ 0; k ¼ 1;2;3; ð10Þ

which hold along the characteristics dx
dt ¼ kk, with k defining the

characteristic family. This method is used here to achieve very high
accuracy in the vicinity of discontinuities (e.g. bores and hydraulic
jumps), at which locations usual engineering codes lose some accu-
racy; see [15]. See [3] for further details of the numerical method.

Fig. 1. Initial conditions for PW01 swash.
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