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Abstract

Tandem systems are seen in many places and at various hierarchical levels in high-speed communication networks, from
router architectures to protocol stacks. If the traffic fed into the system is generated by independent or weakly dependent
sources and the smallest relevant time scale is not too fine, the central limit theorem suggests that the input traffic is (close
to) Gaussian.

This paper considers tandem queues fed by Gaussian processes with stationary increments. Relying on the generalized
version of Schilder’s sample-path large-deviations theorem, we derive the many-sources asymptotics of the overflow prob-
abilities in the second queue; ‘Schilder’ reduces this problem to finding the most probable path along which the second
queue reaches overflow. The general form of these paths is described by recently obtained results on infinite-intersections
of events in Gaussian processes; for the special cases of fractional Brownian motion and integrated Ornstein–Uhlenbeck
input, the most probable path can be explicitly determined, as well as the corresponding exponential decay rate.

As the computation of the decay rate is numerically involved, we introduce an explicit approximation (‘rough full-link
approximation’). Based on this approximation, we propose performance formulae for network provisioning purposes.
Simulation is used to assess the accuracy of the formulae. As an example, we show how the methods can be applied to
dimensioning the interface between a line card and a switch fabric.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The tandem queue is one of the canonical ‘build-
ing blocks’ in high-speed communication networks:
they are encountered in many places and at various
hierarchical levels, ranging from router architectures
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to protocol stacks. This fact has motivated the deve-
lopment of queueing-theoretic methods for analyzing
their performance (in terms of loss, delay, through-
put, etc.). Although pure tandem queues (without
cross-traffic) may seem to be fairly simple systems,
they are quite difficult to handle analytically. The
main reason for this lies in the fact that the statistical
properties of the traffic streams change – usually in a
fairly non-trivial way – when traversing network
nodes, the so-called ‘shaping effect’.

In this paper we develop an analytic approach to
the large deviations of a tandem queue fed by
Gaussian traffic with arbitrary correlation structure
and demonstrate it both with bursty, long-range
dependent traffic (fractional Brownian motion,
fBm) and with a smooth and short-range dependent
traffic model (integrated Ornstein–Uhlenbeck,
iOU). In particular, we identify the most probable
paths leading to a high level of the second queue.

As an example showing in what type of applica-
tions our techniques are potentially useful, we
consider the problem of dimensioning the interface
between a line card and a switch fabric, see e.g.
[29]. This is an optimization problem that arises
from the facts that (i) the switch fabric speeds are
much higher than line speeds, (ii) ultra-fast buffer
memory is much more expensive than moderately
fast memory, and (iii) the interface speed is a freely
designable parameter. Imposing some natural cost
structure (where the cost is convex in the speed of
the interface and, given the speed, linear in both
buffer sizes), the dimensioning can be done by find-
ing the cost-minimizing parameters. This procedure
is illustrated by an appealing numerical example
that suggests that with higher traffic load one should
rather use a slower interface speed and larger buffer
than the contrary.

Another, more generic, question that could be
analyzed relying on the framework of this paper,
relates to the shaping effect mentioned above. A
traffic stream can be made more ‘benign’ by sending
it through a network node, in the sense that this
makes the stream ‘smoother’, and hence easier to
handle at downstream nodes. A trivial observation
in this respect is that the peak rate of the output
stream is upper bounded by the link speed of the
queue, but a more precise quantification of the
shaping effect (i.e., the decrease in ‘burstiness’ of
the stream due to traversing the node) is usually
hard. By using the analysis presented in this paper,
however, we could get an analytic handle on this
issue.

Gaussian traffic and Gaussian tandem queues.

Assuming stationarity, the Gaussian traffic model
says that the amount of traffic arriving in an
arbitrary interval of any length t has a Gaussian dis-
tribution N(lt,v(t)). Our main reason for focusing
on a Gaussian traffic model is that despite its
abstract, highly idealized character it is the simplest
model that allows arbitrary correlation structures,
long-range dependence in particular. (Long-range
dependence is most succinctly expressed in terms
of the variance of the traffic arriving in an interval
of length t, which is proportional to t2H over a wide
range of values of t. The parameter H is referred to
as the Hurst parameter [14] and typically takes
values in the range 0.7–0.9.) On the other hand,
the choice of a Gaussian model is far from arbitrary,
since the central limit theorem suggests that traffic
on communication links will become closer to
Gaussian as more independent sources add their
contribution [1]; see also [13].

We define a Gaussian tandem queue as follows
(for ease we restrict ourselves to a two-node system,
but the argument extends to tandems of any size).
Denote by A(s, t) the traffic arriving in [s, t). To avoid
trivialities, assume that the (constant) link speed of
queue 1 (c1) is larger than the link speed of queue 2
(c2). Queue 1 is just a normal queue with Gaussian
input (see [3]), and its size at time 0 is given by the
standard formula supt>0(A(�t, 0) � c1t). For the sec-
ond queue, a ‘reduction principle’ applies: the total

queue length at time 0 is given by supt>0(A(�t, 0) �
c2t) (see, e.g., [4,11]), so that we can define

Q2 ¼ sup
t>0
ðAð�t; 0Þ � c2tÞ � sup

t>0
ðAð�t; 0Þ � c1tÞ:

ð1Þ
Note that although Gaussian models have the anom-
aly that they allow negative input traffic, the fact that
c1 > c2 implies that Q2 is always non-negative.

Large deviations in the many-sources regime. Since
exact analysis of Gaussian queues is possible only in a
few special cases, we resort to asymptotic regimes. In
this paper, we assume that n i.i.d. Gaussian sources
feed into the queueing system, where the service rates
of the queues as well as the buffer thresholds are
scaled by n, too. We now let n go to infinity; the
resulting framework is often referred to as the
many-sources scaling, see e.g. [30]. A vast body of
results exists for single FIFO queues under this scal-
ing. Most notably, under very mild conditions on the
source behavior, it is possible to calculate the
exponential decay rate of the probability pn(b,c) that
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