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Diagnosis of the ocean’s overturning circulation is essential to closing global budgets of heat, salt and bio-

geochemical tracers. This diagnosis is sensitive to the choice of density variable used to distinguish water
masses and identify transformations between them. The oceanographic community has adopted neutral den-
sity for this purpose because its isopycnal slopes are approximately aligned with neutral slopes, along which
ocean flows tend to be confined. At high latitudes there are often no tenable alternatives because potential
density varies non-monotonically with depth, regardless of the reference pressure. However, in many appli-
cations the use of isoneutral fluxes is impractical due to the high computational cost of calculating neutral
density. Consequently neutral density-related diagnostics are typically not available as output from ocean
models.

In this article the authors derive a modified Temporal Residual Mean (TRM) approximation to the isoneu-
tral mass fluxes, referred to as the Neutral Density Temporal Residual Mean (NDTRM). The NDTRM may be
calculated using quantities that are routinely offered as diagnostic output from ocean models, making it sev-
eral orders of magnitude faster than explicitly computing isoneutral mass fluxes. The NDTRM is assessed
using a process model of the Antarctic continental shelf and slope. The onshore transport of warm Circum-
polar Deep Water in the model ocean interior approximately doubles when diagnosed using neutral density,
rather than potential density. The NDTRM closely approximates these explicitly-computed isoneutral mass
fluxes. The NDTRM also exhibits a much smaller error than the traditional TRM in regions of large isoneu-
tral temperature and salinity gradients, where nonlinearities in the equation of state diabatically modify the
neutral density.
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1. Introduction

The meridional overturning circulation (MOC) describes the ad-
vective transport of mass, heat, salt, and biogeochemical tracers glob-
ally between the major ocean basins (Talley, 2013). The importance
of this circulation for climate and biogeochemical cycles has mo-
tivated attempts to determine a global overturning streamfunction
(e.g. Lumpkin and Speer, 2007) and the construction of an array of
instruments to continuously monitor the MOC in the North Atlantic
(Johns et al., 2011). It is difficult in general to characterize the mean
paths of fluid parcels, or “streamlines,” in a turbulent flow like the
ocean or atmosphere, so there is an ongoing effort to develop accu-
rate methods for estimating the MOC. For example D66s et al. (2012)
and Zika et al. (2012) have recently proposed a description of the
global MOC using a streamfunction with temperature and salinity as
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coordinates, in which motion along streamlines correspond directly
to water mass transformations.

One case in which it is possible to exactly characterize volume
transports is when the fluid is constrained to flow within a stack of
non-intersecting material surfaces, a criterion that is approximately
satisfied by isopycnals in the ocean. It has long been known that cal-
culating the “Eulerian-mean” MOC, i.e. using the time- and zonal-
averaged velocity, yields misleading results (D66s and Webb, 1994;
Nurser and Lee, 2004; Hirst et al., 1996). Calculating volume fluxes
within isopycnal surfaces yields a much more accurate estimate of
the transport, accounting for the “eddy” component of the MOC
(Marshall and Radko, 2003; Zika et al., 2013). In principle it is possible
to compute the MOC from the isopycnal volume fluxes in any predic-
tive ocean model or reanalysis product. To avoid aliasing this calcula-
tion requires output of the model velocities and state variables with
a time interval much shorter the typical turnover time of mesoscale
eddies (Ballarotta et al., 2013). However, the frequency may be lim-
ited by digital storage constraints and the burden of post-processing
such a large volume of data. These constraints may be circumvented,
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and the accuracy of the calculation improved, by computing and aver-
aging the isopycnal fluxes during numerical integration of the model.
These fluxes are typically available as output in models that use an
isopycnal vertical coordinate (e.g. Hallberg and Rhines, 1996), and are
also available in some non-isopycnal models like the MIT general cir-
culation model MITgcm, (Marshall et al., 1997b,a).

When neither high-frequency model output nor isopycnal fluxes
are available, an alternative approach to computing the MOC is to ap-
proximate the isopycnal fluxes using the Transformed Eulerian Mean
TEM, (Plumb and Ferrari, 2005; Nurser and Lee, 2004) or Tempo-
ral Residual Mean TRM, (McDougall and McIntosh, 1996, 2001). At
leading order in the isopycnal fluctuations, the TEM/TRM stream-
functions may be computed solely from the averages of the ve-
locity, the density, and the product of the velocity and the den-
sity (Wolfe, 2014). They therefore incur a much smaller computa-
tional cost than directly calculating the fluxes between isopycnal
surfaces.

The volume fluxes calculated between isopycnal surfaces will
depend upon the choice of density variable. Parcels of ocean wa-
ter are strongly constrained to follow so-called neutral surfaces, as
parcels moving along these surfaces feel no buoyant restoring forces
(McDougall, 1987). It is therefore desirable that the isopycnal slopes
of the chosen density variable should coincide with neutral slopes
(Eden and Willebrand, 1999; McDougall and Jackett, 2005). Math-
ematically, neutral surfaces are locally perpendicular to the vector
A, where

A=pBVS—aVe. (1)

Here S is the (practical) salinity, 6 is the potential temperature,
is the saline contraction coefficient, and « is the thermal expan-
sion coefficient. Neutral surfaces are in fact only well-defined if A
has zero helicity, i.e. A-V x A=0 (McDougall, 1987). The helic-
ity of A is generally non-zero due to the nonlinearity of the equa-
tion of state for seawater. However, the helicity does tend to be
small because the ocean spans a relatively small volume in temper-
ature/salinity/pressure space (McDougall and Jackett, 2007), so for
practical purposes an approximate set of neutral surfaces can be con-
structed.

There are several possible candidates for the density variable
that should be used to define isopycnal fluxes. Potential density
carries the benefit of being materially conserved away from re-
gions of direct heating or freshwater forcing, except due to dif-
fusion of temperature and salinity. However, the slopes of poten-
tial density surfaces can differ substantially from neutral slopes
(McDougall, 1987). This is most pronounced at high latitudes, where
potential density may no longer vary monotonically with depth; in
such regions, using potential density to compute isopycnal fluxes
would result in a substantial loss of information. de Szoeke et al.
(2000) constructed an “orthobaric density”, by empirically remov-
ing the dependence of in situ density. However, the correspond-
ing isopycnal slopes still differ substantially from neutral slopes,
and orthobaric density also varies non-monotonically with depth in
some regions (McDougall and Jackett, 2005). Jackett and McDougall
(1997) proposed a “neutral density” variable y that is constructed
to be constant along approximate neutral surfaces. This construc-
tion should ensure monotonicity with depth, though neutral den-
sity is only quasi-materially conserved; the nonlinearity of the equa-
tion of state precludes the existence of any density variable that is
both isoneutral and materially conserved (McDougall and Jackett,
2005).

Using neutral density to compute the MOC provides an accurate
representation of the overturning circulation at all ocean depths, in
contrast to potential density (Hirst et al., 1996). However this also
magnifies the difficulties associated with calculating isopycnal fluxes,
described above, due to the computational expense incurred in calcu-
lating the neutral density at many time intervals. Consequently there

are currently no ocean models that maintain neutral density as a
state variable, offer neutral density as an output product, nor com-
pute mass/volume fluxes between neutral density surfaces. Thus it is
not even possible to compute a TEM or TRM streamfunction based
on neutral density, as this requires the average of the product of ve-
locity and density uy. In principle the neutral density and isopycnal
volume fluxes could be computed during model integration, or dur-
ing post-processing from high-frequency model output. However, we
will show in Sections 3 and 4 that the computational cost of calcu-
lating neutral density makes such approaches inefficient, especially
if applied to global models running at eddy-permitting resolution or
higher.

In this paper we propose an efficient method of approximating
volume fluxes between neutral density surfaces using a modified
TRM that uses only quantities typically available as output from z-
coordinate and terrain-following ocean models (e.g. Marshall et al.,
1997b,a; Haidvogel et al., 2008). More precisely, we assume that the
time-mean salinity S, potential temperature # and pressure p are
available, along with the time-mean of the product of the velocity and
state variables, e.g. u0. This approximate TRM streamfunction, which
we refer to as the Neutral Density Temporal Residual Mean (NDTRM)
is derived in Section 2. Then in Section 3 we test the accuracy of the
NDTRM using a process model of the Antarctic continental shelf and
slope. Finally, in Section 4 we discuss our findings and provide con-
cluding remarks.

2. Derivation of the Neutral Density Temporal Residual Mean
(NDTRM) streamfunction

2.1. Volume fluxes within neutral density layers

In the interest of a self-contained derivation, we begin with a
brief review of McIntosh and McDougall (1996) and McDougall and
McIntosh (2001), who derive expressions for the TRM using neutral
density as a state variable. We restrict our attention to a Cartesian ge-
ometry to simplify our presentation, defining the overbar s as a time
average over many eddy rotation timescales in a statistically steady
state.

Consider a neutral surface y = y; at a lateral position (g, o). The
depth of the neutral surface is z = zy (), t). The overturning stream-
function is defined as the lateral volume flux between z = zy and the
ocean surface (e.g. D60s and Webb (1994)), which for simplicity we
regard as a rigid lid at z = 0,

z=0

W (X0, V0. 10) = f udz. )
z=20(y0)

Here u = (u,v) is the horizontal velocity vector. Note that ¥ is
a function of lateral position and neutral density: vertical gradi-
ents in this streamfunction correspond to lateral velocities within
density classes, whilst lateral gradients correspond to diapycnal
fluxes.

We proceed under the assumption that deviations of the isopyc-
nal depth zy from the mean are small compared to the ocean depth,
measured by & ~ z;/H « 1. We similarly assume that the perturba-
tions of the velocity, potential temperature, salinity and neutral den-
sity are small relative to vertical changes in their respective means,
e.g. y'/yH = O(¢). This holds if such deviations are associated with
the eddy-induced vertical heaving of the isopycnals. We may then ex-
pand (2) via a Taylor expansion,’

T Formally such asymptotic approximations should be made in dimensionless vari-
ables. Throughout the manuscript we retain dimensional variables for clarity and for
consistency with previous derivations of the TRM (McIntosh and McDougall, 1996,
2001; Nurser and Lee, 2004,; Wolfe, 2014).
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