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Abstract

A local dual of a Banach space X is a subspace of the dual X∗ which can replace the whole dual
space when dealing with finite dimensional subspaces. This notion arose as a development of the
principle of local reflexivity, and it is very useful when a description of X∗ is not available.

We give an exposition of the theory of local duality for Banach spaces, including the main prop-
erties, examples and applications, and comparing the notion of local dual with some other weaker
properties of the subspaces of the dual of a Banach space.
c⃝ 2014 Elsevier GmbH. All rights reserved.
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1. Introduction

In Banach space theory, it is usual to describe the properties of a given Banach space
X in terms of its dual space X∗, but many times a representation of the dual space is not
available. This is the case for the space L∞(µ, X) of the essentially bounded, measurable,
X -valued functions. However, L∞(µ, X)∗ contains a natural copy of L1(µ, X∗)which can
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replace the whole dual space for many purposes, like norming the elements of L∞(µ, X),
or representing the duality on finite dimensional subspaces of L∞(µ, X). Finding those
concrete subspaces of the dual space and describing their properties is the aim of the theory
of local duality for Banach spaces.

As far as we know, the investigation in local duality began with the principle of local
reflexivity (P.L.R. for short) which establishes that, when working with finite dimensional
subspaces, it is possible to replace the bidual X∗∗ by the original space X . The first version
of that principle was obtained by Johnson, Rosenthal and Zippin [43], and the current
form is due to Lindenstrauss and Rosenthal [51]. The P.L.R. has found many applications
in Banach space theory. For example, it implies the existence of a basis for all separable
L p-spaces [51] and for spaces whose dual has a basis [43]. It has also been applied in
approximation theory [58], in the study of local complementation of tensor products [10]
and in the study of the L-structure of L1(µ) [38, A.6]. For an illuminating account of
applications of the P.L.R., we suggest [18, Chapter 8], especially its final comments.

Proofs of this principle are given in [4,15,54,67]. Further operator versions can be
found in [7] (see also [6]), [8,56,61]. Moreover, the P.L.R. has been also translated to
different contexts like that of Banach lattices [9], modules [14], duality of cones [24],
operator ideals [60], spaces of compact operators [49] and other non-commutative settings
[22,42,62,65].

A closed subspace Z of X∗ is a local dual of a Banach space X if for every ε > 0 and
every pair of finite dimensional subspaces E of X∗ and F of X , there exists an operator
L : E −→ Z satisfying the following conditions:

(A)
∥L(x∗)∥ − ∥x∗

∥
 ≤ ε∥x∗

∥ for all x∗
∈ E ,

(B) L(x∗) |F = x∗
|F for all x∗

∈ E ,
(C) L(x∗) = x∗ for all x ∈ E ∩ Z .

The principle of local reflexivity exactly says that X , as a subspace of X∗∗, is a local
dual of X∗. A similar result, independently obtained in [46,69], is the principle of local
reflexivity for ultrapowers which says that for every ultrafilter U, the ultrapower (X∗)U is
a local dual of the ultrapower XU. Note that X = X∗∗ if and only if X is reflexive, and
(X∗)U = (XU)

∗ for all U if and only if X is superreflexive. Further proofs and variations on
the P.L.R. for ultrapowers can be found in [5,40,47]; certain ultrapower operator versions
can be found in [55,20].

The notion of local duality was inspired by both principles of local reflexivity, and has
been developed in several papers like [16,27,32,34–37,66]. For a brief account of these
developments we refer to [29].

The purpose of this paper is to present a detailed exposition of the theory of local dual
spaces, including many examples and some applications, and emphasizing the relation
between the three conditions (A)–(C) that define the concept. In order to do that, we will
make a parallel study of several weaker properties that a subspace Z of X∗ may have: Z
norming for X , Z locally 1-complemented (or ideal) in X∗, and X∗ finite dual representable
in Z . For most of the results, we include proofs that are simpler and more natural than those
given in the original papers.

The paper is organized as follows. Section 2 includes some technical results that are
useful to work with ε-isometries, a characterization of the norming subspaces of the dual
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