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Abstract

Let X be a locally compact abelian group with countable base and let W be a convex cone of
positive numerical functions on X which is invariant under the group action and such that (X, W) is
a balayage space or (equivalently, if 1 ∈ W ) such that W is the set of excessive functions of a Hunt
process on X , W separates points, every function in W is the supremum of its continuous minorants
in W , and there exist strictly positive continuous u, v ∈ W such that u/v → 0 at infinity.

Assuming that there is a Green function G > 0 for X which locally satisfies the triangle inequality
G(x, z)∧G(y, z) ≤ CG(x, y) (true for many Lévy processes), it is shown that Hunt’s hypothesis (H)
holds, that is, every semipolar set is polar.
c⃝ 2014 Elsevier GmbH. All rights reserved.
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The purpose of this short paper is to show that in the settings considered in [4,5,8,9]
Hunt’s hypothesis (H) holds, that is, semipolar sets are polar provided the underlying
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space X is an abelian group and the set W of positive hyperharmonic functions on X
(the set of excessive functions of a corresponding Hunt process) is invariant under the
group action. The essential property we use is a local triangle property of a Green function
for (X, W). Our results constitute a contribution to the long-lasting discussion of Getoor’s
conjecture, that is, of the validity of (H) for all “reasonable” Lévy processes (see [3,12]
and Example 3).

Let X be a locally compact space with countable base. Let C(X) denote the set of all
continuous real functions on X and let B(X) be the set of all Borel measurable numerical
functions on X . The set of all (positive) Radon measures on X will be denoted by M(X).

Moreover, let W be a convex cone of positive lower semicontinuous numerical functions
on X such that (X, W) is a balayage space (see [2,6] or [8, Appendix]). In particular, the
following holds:

(C) W linearly separates the points of X , for every w ∈ W ,

w = sup{v ∈ W ∩ C(X): v ≤ w},

and there are strictly positive u, v ∈ W ∩ C(X) such that u/v → 0 at infinity.

Remarks 1. 1. If 1 ∈ W , then there exists a Hunt process X on X such that W is
the set EP of excessive functions for the transition semigroup P = (Pt )t>0 of X (see
[6, Proposition 1.2.1] and [2, IV.8.1]), that is,

W = {v ∈ B+(X): supt>0 Ptv = v}.

2. Let us note that the condition 1 ∈ W is not very restrictive. Indeed, if (X, W) is
a balayage space, w0 ∈ W ∩ C(X) is strictly positive, and W := {w/w0: w ∈ W},
then (X, W) is a balayage space such that 1 ∈ W , and results for (X, W) yield results
for (X, W).

3. Moreover, given any sub-Markov right-continuous semigroup P = (Pt )t>0 on X such
that (C) is satisfied by its convex cone EP of excessive functions, (X, EP) is a balayage
space, and P is the transition semigroup of a Hunt process (see [6, Corollary 2.3.8] or
[8, Corollary A.5]).

Let us recall that, for all A ⊂ X and u ∈ W , the function R A
u is the infimum of all

v ∈ W such that v ≥ u on A, and R̂ A
u (x) := lim infy→x R A

u (y), x ∈ X .

A set P in X is polar, if R̂ P
v = 0 for some (every) function v > 0 in W . A set T in X is

totally thin, if R̂T
v < v for some v ∈ W , and semipolar, if it is a countable union of totally

thin sets. For example, the sets {R̂ A
u < R A

u }, A ⊂ X , u ∈ W , are semipolar (and subsets of
A ∩ ∂ A; see [2, VI.5.11 and VI.2.3]).

A function h ∈ B+(X) is harmonic on an open set U in X if h|U ∈ C(U ) and


h dεV c

x =

h(x), for all x ∈ U and open V such that x ∈ V and V is compact in U (the measures εV c

x
are given by


u dεV c

x = RV c

u (x), u ∈ W ).

Assumption A. Let us assume that G: X × X → (0, ∞] is a Borel measurable function,
G = ∞ on the diagonal, such that G is a Green function for (X, W), that is, the following
holds (see [2,6] for the definition of potentials for (X, W)):
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