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For a binary commutative presemifield S with an element 
c ∈ S, we can construct a bilinear dual hyperoval Sc(S) if 
c satisfies some conditions. Let c1 ∈ S1 and c2 ∈ S2 for 
commutative presemifields S1 and S2, and assume c1 �= 1
or c2 �= 1. Then the dual hyperovals Sc1 (S1) and Sc2(S2)
are isomorphic if and only if S1 and S2 are isotopic with 
some relation between c1 and c2 induced by the isotopy. 
For the Kantor commutative presemifield S = (F, +, ◦)
with c ∈ Fn ⊂ F , the dual hyperoval Sc(S) exists if and 
only if Tr(c) = 1, where Tr is the absolute trace of Fn. 
The dual hyperovals Sc1 (S1) and Sc2(S2) for the Kantor 
commutative presemifields S1 and S2 are (under some 
conditions) isomorphic if and only if S1 and S2 are isotopic 
with cσ1 = c2, where σ is the field automorphism of F defined 
by the isotopy.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Higher dimensional dual hyperoval is defined by Huybrechts and Pasini in [2]. In this 
note, we only concern with dual hyperovals over the binary field GF (2). Let n and d be 
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integers with n > d + 1 ≥ 3. Let U = V (n, 2) be a vector space of rank n over GF (2). 
A family S of vector subspaces of rank d +1 in U is called a d-dimensional dual hyperoval 
if it satisfies the following conditions:

(1) any two distinct members of S intersect at a subspace of rank one,
(2) any three mutually distinct members of S intersect trivially,
(3) the union of the members of S generates U , and
(4) there are exactly 2d+1 members of S.

We call the vector space U the ambient space of the dual hyperoval S, and we say 
that S is a dual hyperoval in U . Let S1 be a d-dimensional dual hyperoval in U1 and 
S2 a d-dimensional dual hyperoval in U2. We say S1 is isomorphic to S2 if there is a 
GF (2)-linear isomorphism π : U1 → U2 such that π(S1) = S2.

We recall the definition of bilinear dual hyperovals. Let V be a GF (2)-vector space 
of rank d + 1, and W a GF (2)-vector space of rank l. If there is a dual hyperoval in 
V ⊕W , then d ≤ l ≤ d(d + 1)/2 + 2, and conjectured that l ≤ d(d + 1)/2 by [7]. A dual 
hyperoval S = {X(t) | t ∈ V } in V ⊕W is said to be a bilinear dual hyperoval if there 
is a GF (2)-bilinear mapping B : V ⊕ V → W such that X(t) = {(x, B(x, t)) | x ∈ V } ⊂
V ⊕W for any t ∈ V . The conditions that B defines a bilinear dual hyperoval are the 
following: (i) V � x 	→ B(x, a) ∈ W are rank d linear mappings for a ∈ V \{0}, and (ii) 
V � t 	→ B(b, t) ∈ W are rank d linear mappings for b ∈ V \{0}. These two conditions are 
independent. (As for the condition (1) for a dual hyperoval, X(t1) ∩X(t2) is a subspace 
of rank one for t1 �= t2 because of (i). As for the condition (2) for a dual hyperoval, any 
three mutually distinct members of S intersect trivially because of (ii). We easily see that 
{X(t) | t ∈ V } generates V ⊕W . The cardinality |S| = |V | = 2d+1, hence the condition 
(4) for a dual hyperoval is satisfied. See Section 1 of [6] for more details, where we use 
the notation x ∗ t instead of B(x, t).) A bilinear dual hyperoval has a translation group 
T := {ta | a ∈ V }, which acts regularly on S = {X(t) | t ∈ V } as X(t)ta = X(t + a) for 
any t ∈ V , induced by the linear transformation ta : V ⊕W � (x, y) 	→ (x, y+B(x, a)) ∈
V ⊕W . We call a bilinear dual hyperoval symmetric if the bilinear mapping is symmetric, 
i.e., B(x, t) = B(t, x) for any x, t ∈ V .

In [8], Yoshiara constructed bilinear dual hyperovals with symmetric bilinear mappings 
using quadratic APN functions. He also proved that these bilinear dual hyperovals are 
isomorphic if and only if quadratic APN functions are CCZ equivalent (see also [9]). Dem-
pwolff and Edel studied on quadratic APN functions and bilinear dual hyperovals in [1].

In this note, we construct bilinear dual hyperovals with symmetric bilinear mappings 
using binary commutative presemifields. In this note, we will prove the following theorem 
and propositions. In Proposition 2, we construct a bilinear dual hyperoval Sc(S) from a 
binary commutative presemifield S and an element c ∈ S which satisfies some conditions. 
Let c1 ∈ S1 and c2 ∈ S2 for commutative presemifields S1 and S2, and assume that 
c1 �= 1 or c2 �= 1. In Theorem 4, we show that the dual hyperovals Sc1(S1) and Sc2(S2)
are isomorphic if and only if S1 and S2 are isotopic with some relation between c1 and 
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