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We show that for a monic polynomial f(x) over a number field 
K containing a global permutation polynomial of degree > 1
as its composition factor, the Newton Polygon of f mod p

does not converge for p passing through all finite places of K. 
In the rational number field case, our result is the “only if” 
part of a conjecture of Wan about limiting Newton polygons.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction and main results

Let K be a number field and f(x) be a monic polynomial in K[x] of degree d ≥ 1. 
For a finite place p of K, denote the completion of K at p by Kp. Let Op be the ring 
of p-adic integers and kp be the residue field. Then kp is a finite field of q = qp = ph

* Corresponding author.
E-mail addresses: yiouyang@ustc.edu.cn (Y. Ouyang), yjb@mail.ustc.edu.cn (J. Yang).

http://dx.doi.org/10.1016/j.ffa.2016.05.003
1071-5797/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.ffa.2016.05.003
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ffa
mailto:yiouyang@ustc.edu.cn
mailto:yjb@mail.ustc.edu.cn
http://dx.doi.org/10.1016/j.ffa.2016.05.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ffa.2016.05.003&domain=pdf


Y. Ouyang, J. Yang / Finite Fields and Their Applications 41 (2016) 64–71 65

elements for some rational prime p = pp and some positive integer h = hp. Denote by kmp
the unique field extension of kp of degree m. Denote by ΣK := ΣK(f) the set of finite 
places p of K such that f(x) ∈ Op[x] and (d, p) = 1. Note that almost all finite places of 
K are contained in ΣK .

Let p be a place in ΣK . By modulo p, we get the reduction f of f , a polynomial 
over kp. For a nontrivial character χ : Fp → μp, the L-function

L(f, χ, t) = L(f/kp, χ, t) = exp
( ∞∑

m=1
Sm(f, χ) t

m

m

)
, (1.1)

where Sm(f, χ) is the exponential sum

Sm(f, χ) = Sm(f/kp, χ) =
∑
x∈km

p

χ(Trkm
p /Fp

(f(x))), (1.2)

is a polynomial of t of degree d − 1 over Qp(ζp) by well-known theorems of Dwork–
Bombieri–Grothendieck and Adolphson–Sperber [1]. The q-adic Newton polygon NPp(f)
of this L-function does not depend on the choice of the nontrivial character χ.

Let HP(f) be a convex polygon with break points

{(
i,
i(i + 1)

2d

)∣∣∣∣ 0 ≤ i ≤ d.

}
,

which only depends on the degree of f . Adolphson and Sperber [2] proved that NPp(f)
lies above HP(f) and that NPp(f) = HP(f) if p ≡ 1 mod d. Obviously, there are 
infinitely many p ∈ ΣK such that p ≡ 1 mod d, thus if lim

p∈ΣK

NPp(f) exists, then 
lim

p∈ΣK

NPp(f) = HP(f).

Recall that a global permutation polynomial (GPP) over K is a polynomial P (x) ∈
K[x] such that x �→ P (x), where P is the reduction of P modulo p, is a permutation on 
kp for infinitely many places p ∈ ΣK .

In 1999, D. Wan proposed a conjecture, whose complete version in [16, Chapter 5]
and [4, Conjecture 6.1] is as follows:

Conjecture 1.1 (Wan). Let f be a non-constant monic polynomial in Q[x]. Then f con-
tains a GPP over Q of degree > 1 as its composition factor if and only if lim

p∈ΣQ

NPp(f)
does not exist.

In this note, we give a proof of the “only if” part of Wan’s conjecture. Moreover, we 
get the following main result.

Theorem 1.2. Let f be a non-constant monic polynomial in K[x]. If f contains a GPP 
over K of degree > 1 as its composition factor, then lim

p∈ΣK

NPp(f) does not exist.
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