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1. Introduction

For ¢ a prime power, let F, denote the finite field containing ¢ elements, and F,[x]
the ring of polynomials over F,. A polynomial f(x) € F,[z] is called a permutation
polynomial (PP) of F, if it induces a bijection of F,. We define a polynomial f~!(z) as
the inverse of f(z) over F, if f~1(f(c)) = ¢ for all ¢ € Fy, or equivalently f~!(f(z)) =z
(mod z? — z). Given a PP f(z) of F,, its inverse is unique in the sense of reduction
modulo 9 — z. In theory one could use the Lagrange Interpolation Formula to compute

the inverse, i.e.,

) =) el = (= fle)*).

cely

It is a point-by-point interpolation formula and the computing is very inefficient for
large q. In fact, finding the inverse of a PP of a large finite field is a hard problem except
for the well-known classes such as the inverses of linear polynomials, monomials, and
some Dickson polynomials. There are only several papers on the inverses of some special
classes of PPs, see [10,17] for the inverse of PPs of the form z"h(x(@~1/4) [19,20] for
the inverse of linearized PPs, [4,21] for the inverses of two classes of bilinear PPs, [14]
for the inverses of more general classes of PPs.

The basic idea of piecewise constructions of PPs is to partition a finite field into
subsets and to study the permutation property through their behavior on the subsets.
Although the idea is not new [3,11], it is still currently being used to find new PPs [2,5-8,
18,22,23]. In our recent work [24], the piecewise idea is employed to construct the inverse
of a large class of PPs. In Section 2, a piecewise interpolation formula for the inverses of
arbitrary PPs of finite fields is presented, which generalizes the Lagrange Interpolation
Formula and the result in [24]. In Section 3, using our piecewise interpolation formula,
we construct the inverses of cyclotomic mapping PPs studied in [18]. Section 4 gives the
explicit inverses of special cyclotomic mapping PPs.

2. Piecewise constructions of PPs and their inverses

The idea of piecewise constructions of PPs was summarized in [2] by Cao, Hu and
Zha, which can also be applied to construct PPs over finite rings. For later convenience,
the following lemma expresses it in terms of finite fields.

Lemma 2.1. (See [2, Proposition 3].) Let D1, ..., Dy, be a partition of Fy, and f1(x), ...,
fm(z) € Fylz]. Define

m

f(x) = fi(x)Ip,(x), (1)

i=1
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