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1. Introduction and statement of result

The problem of finding irreducible polynomials with certain properties has been stud-
ied by numerous authors. One of the interesting problems among them is the existence
of an irreducible polynomial with certain coefficients being prescribed.

The early form of this problem is as follows. Let F, be the finite field of ¢ elements
and n be a given integer, and write a polynomial P =, 2, T*. Then we ask if we can
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find an irreducible for any given pair of integers j, n and a € F satisfying x; = a, except
when ¢ = 0 and j = 0. This problem, widely known as the Hansen—Mullen conjecture,
see [1], has been settled by Wan [2] when n > 36 or ¢ > 19; the remaining cases were
verified by Ham and Mullen [3].

One may ask if we can find an irreducible with several preassigned coefficients. In other
words, we study the number of irreducible polynomials of degree n satisfying x; = a;
for all i € Z, when the index set Z C {0,1,...,n — 1} and a finite sequence a; € F,
for ¢ € 7 are given. Unless we assume that the location of prescribed coefficients has
certain properties, the best known uniform bound is due to Pollack [4], who proved
that when n is large, there is an irreducible polynomial with |(1 — €)y/n] prescribed
coefficients.

The analogue of the Hansen—Mullen conjecture in number theory is to find rational
primes with prescribed (binary) digits. Recently, Bourgain [5] showed that for some
6 > 0 and for large n, there is a prime of n digits with dn digits prescribed without any
restriction on their position. Thus it is believed that an analogous improvement holds
for polynomials in finite fields.

In this paper, we show that we can prescribe a positive proportion of coefficients.
The result presented here is the combination of several known ideas. The underlying
setup in this type of problems is the circle method over F,[T], which can be found in
Hayes [6]. A recent application of this method, among others, can be found in Liu and
Wooley [7] on Waring’s problem. The work of Pollack [4] is also implicitly based on this
method.

The main element of this paper is the combination of Pollack’s estimate and the
interpretation of the result of Bourgain [5] in finite fields, though it is greatly simplified
thanks to the Weil bound, i.e., the analogue of the Riemann Hypothesis for irreducible
polynomials.

Our main theorem is as follows.

Theorem 1.1. Let T be a nonempty subset of {0,...,n — 1} and choose a; € F, for each
i € I. We write as . the set of monic degree n polynomials with T* coefficient given by
a; for each i € I. Then if p:= || /n <1/4,
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where the implied constants are absolute, and
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