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denoted d(r,C) < n — k. Any word r meeting the equality
is called a deep hole. Guruswami and Vardy (2005) showed
that for a specific class of codes, determining whether or not
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that it may be easier when the evaluation set of C is large or
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ﬂ?gi values appear with a special uniformity. To find families of
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of Waring’s problem) and find solution conditions by applying
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1. Introduction

Reed—Solomon error-correcting codes are used routinely in technological applications
when there is a risk for transmitted data to be lost or corrupt. The classical set-up fixes
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a finite field F,, message block length k, and subset of F, of size n > k denoted D =

{z1,%2,...,2,}. D is often referred to as the evaluation set with typical choices D = F,
or F;. A message (mo,m1,...,my_1) is represented by the polynomial m(z) = mg +
myz+...+my_128 1. The message is encoded by calculating (m(z1), m(xs),. .., m(z,)),

called a codeword. The set of all possible encoded messages is defined as the codebook
and is denoted by C.

Let a = (a1,a9,...,a,) and b = (b1, ba,...,b,) be two words. Define the Hamming
distance d(a, b) as the number of coordinates in which a and b differ. The distance between
a word u and the codebook C is defined as d(u,C) = min,ec d(u,v). It is well known
that for Reed—Solomon codes, d(u,C) < n — k for any received word u. In studying the
error-correcting capacity for Reed—Solomon codes, Guruswami and Vardy in [7] found
that for a special family of codes with a small evaluation set, determining whether or
not d(u,C) = n—k for a given u is NP-hard. Any word u satisfying the equality is called
a deep hole and they suggested in passing that finding deep holes might be easier when
the evaluation set is large. We will further investigate the problem of finding deep holes.

2. Overview of previous work

One way to measure d(u,C) is to run Lagrange Interpolation on the word u =
(ug,- -+ ,up) to get a fitted polynomial u(z) satisfying u(z;) = u; for all 1 < i < n. Then,
if degu(z) < k—1, then u is a codeword and d(u,C) = 0. Otherwise, k < degu(z) < n—1,
and Li and Wan in [12] gave the bound

n —degu(z) < d(u,C) <n—k

which shows that if degu(xz) = k, then u is automatically a deep hole. Many of the
results toward the deep hole problem are geared toward examining families of words by
degree.

2.1. For D =T,

The choice of D = F, is referred to as a standard Reed-Solomon code. Cheng and
Murray in [3] searched for deep holes in this context, and conjectured that the only deep
holes were those satisfying degu(z) = k. More precisely,

Conjecture (Cheng—Murray). All deep holes for standard Reed—Solomon codes are those
words u satisfying degu(zx) = k.

They weren’t able to prove this, but they were able to reduce the problem to finding a
rational point on an algebraic hypersurface to derive the first result on deep holes for
Reed-Solomon codes over prime field F:
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