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We give an algebraic structure for a large family of binary 
quasi-cyclic codes. We construct a family of commutative rings 
and a canonical Gray map such that cyclic codes over this 
family of rings produce quasi-cyclic codes of arbitrary index 
in the Hamming space via the Gray map. We use the Gray 
map to produce optimal linear codes that are quasi-cyclic.
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1. Introduction

Cyclic codes have been a primary area of study for coding theory since its inception. 
In many ways, they were a natural object of study since they have a natural algebraic 
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description. Namely, cyclic codes can be described as ideals in a corresponding polyno-
mial ring. A canonical algebraic description for quasi-cyclic codes has been more elusive. 
In this paper, we shall give an algebraic description of a large family of quasi-cyclic codes 
by viewing them as the image under a Gray map of cyclic codes over rings from a family 
which we describe. This allows for a construction of binary quasi-cyclic codes of arbitrary 
index.

In [6], cyclic codes were studied over F2 +uF2 + vF2 +uvF2 which gives rise to quasi-
cyclic codes of index 2. In [1,2] and [3], a family of rings, Rk = F2[u1, u2, . . . , uk]/〈u2

i = 0〉, 
was introduced. Cyclic codes were studied over this family of rings. These codes were 
used to produce quasi-cyclic binary codes whose index was a power of 2. In this work, 
we shall describe a new family of rings which contains the family of rings Rk. With this 
new family, we can produce quasi-cyclic codes with arbitrary index as opposed to simply 
indices that are a power of 2.

A code of length n over a ring R is a subset of Rn. If the code is also a submodule then 
we say that the code is linear. Let π act on the elements of Rn by π(c0, c1, . . . , cn−1) =
(cn−1, c0, c1, . . . , cn−2). Then a code C is said to be cyclic if π(C) = C. If πs(C) = C

then the code is said to be quasi-cyclic of index s.

2. A family of rings

In this section, we shall describe a family of rings which contains the family of rings 
described in [1,2] and [3].

Let p1, p2, . . . , pt be prime numbers with t ≥ 1 and pi �= pj if i �= j, and let Δ =
pk1
1 pk2

2 · · · pkt
t . Let {upi,j}(1≤j≤ki) be a set of indeterminants. Define the following ring

RΔ = R
p
k1
1 p

k2
2 ···pkt

t
= F2[up1,1, . . . , up1,k1 , up2,1 . . . , up2,k2 , . . . , upt,kt

]/〈upi

pi,j
= 0〉,

where the indeterminants {upi,j}(1≤i≤t,1≤j≤ki) commute. Note that for each Δ there is 
a ring in this family.

Any indeterminant upi,j may have an exponent in the set Ji = {0, 1, . . . , pi − 1}. For 
αi ∈ Jki

i denote uαi,1
pi,1 · · ·uαi,ki

pi,ki
by uαi

i , and for a monomial uα1
1 · · ·uαt

t in RΔ we write uα, 
where α = (α1, . . . , αt) ∈ Jk1

1 × · · · × Jkt
t . Let J = Jk1

1 × · · · × Jkt
t .

Any element c in RΔ can be written as

c =
∑
α∈J

cαu
α =

∑
α∈J

cαu
α1,1
p1,1 · · ·uα1,k1

p1,k1
· · ·uαt,1

pt,1 · · ·uαt,kt

pt,kt
, (1)

with cα ∈ F2.

Lemma 2.1. The ring RΔ is a commutative ring with |RΔ| = 2p
k1
1 p

k2
2 ···pkt

t .

Proof. The fact that the ring is commutative follows from the fact that the indetermi-
nants commute.
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