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Using properties of Gauss and Jacobi sums, we derive explicit 
formulas for the number of solutions to a diagonal equation of 
the form x2m

1 +· · ·+x2m

n = 0 over a finite field of characteristic 
p ≡ ±3 (mod 8). All of the evaluations are effected in terms of 
parameters occurring in quadratic partitions of some powers 
of p.
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1. Introduction

Let Fq be a finite field of characteristic p > 2 with q = ps elements, η be the quadratic 
character on Fq (η(x) = +1, −1, 0 according as x is a square, a non-square or zero in Fq), 
and F∗

q = Fq \ {0}. A diagonal equation over Fq is an equation of the type
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a1x
d1
1 + · · · + anx

dn
n = b, (1)

where a1, . . . , an ∈ F∗
q , b ∈ Fq and d1, . . . , dn are positive integers. As xj runs through 

all elements of Fq, x
dj

j runs through the same elements as xgcd(dj ,q−1)
j does with the 

same multiplicity. Therefore, without loss of generality, we may assume that dj divides 
q − 1 for all j. Denote by N [a1x

d1
1 + · · · + anx

dn
n = b] the number of solutions to (1)

in Fn
q .

The pioneering work on diagonal equations has been done by Weil [14], who ex-
pressed the number of solutions in terms of Gauss sums. For certain choices of coefficients 
a1, . . . , an, b, exponents d1, . . . , dn and finite fields Fq, the explicit formulas for the num-
ber of solutions can be deduced from Weil’s expression, see [3,4,6,8,10–13,15,16] for 
some results in this direction. However, in general, it is a difficult task to determine 
N [a1x

d1
1 + · · · + anx

dn
n = b].

In this paper, we consider a diagonal equation of the form

x2m

1 + · · · + x2m

n = 0, (2)

where m is a positive integer with 2m | (q− 1). It is well known (see [4, Theorem 10.5.1]
or [10, Theorems 6.26 and 6.27]) that

N [x2
1 + · · · + x2

n = 0] =
{
qn−1 + η((−1)n/2)q(n−2)/2(q − 1) if n is even,
qn−1 if n is odd.

Moreover, if p ≡ 3 (mod 4) and 2 | s, then it follows from the result of Wolfmann [15, 
Corollary 4] that

N [x4
1 + · · · + x4

n = 0] = qn−1 + (−1)((s/2)−1)nq(n−2)/2(q − 1) · 3n + (−1)n · 3
4 .

Further, for any m with 2m | (q − 1), it is not hard to show that

N [x2m

1 + x2m

2 = 0] =
{

2m(q − 1) + 1 if 2m+1 | (q − 1),
1 if 2m ‖ (q − 1).

The goal of this paper is to determine explicitly N [x2m

1 +· · ·+x2m

n = 0] for an arbitrary 
n in the case when p ≡ ±3 (mod 8) and

m ≥
{

3 if p ≡ 3 (mod 8),
2 if p ≡ −3 (mod 8).

In Section 3, we treat the case p ≡ 3 (mod 8). The main results of this section are 
Theorems 18 and 19, in which we cover the cases 2m+1 | (q − 1) and 2m ‖ (q − 1), 
respectively. Our main results in Section 4 are Theorems 22 and 23, in which we deal 
with the case p ≡ −3 (mod 8). All of the evaluations in Sections 3 and 4 are effected in 
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