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Let K = Fq be a finite field. We introduce a family of pro-
jective Reed–Muller-type codes called projective Segre codes. 
Using commutative algebra and linear algebra methods, we 
study their basic parameters and show that they are direct 
products of projective Reed–Muller-type codes. As a conse-
quence we recover some results on projective Reed–Muller-
type codes over the Segre variety and over projective tori.
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1. Introduction

Reed–Muller-type evaluation codes have been extensively studied using commutative 
algebra methods (e.g., Hilbert functions, resolutions, Gröbner bases); see [3,10,27] and 
the references therein. In this paper we use these methods—together with linear algebra 
techniques—to study projective Segre codes over finite fields.

Let K be an arbitrary field, let a1, a2 be two positive integers, let Pa1−1, Pa2−1 be 
projective spaces over K, and let K[x] = K[x1, . . . , xa1 ], K[y] = K[y1, . . . , ya2 ], K[t] =
K[t1,1, . . . , ta1,a2 ] be polynomial rings with the standard grading. If d ∈ N, let K[t]d
denote the set of homogeneous polynomials of total degree d in K[t], together with the 
zero polynomial. Thus K[t]d is a K-linear space and K[t] = ⊕∞

d=0K[t]d. In this grading 
each ti,j is homogeneous of degree one.

Given Xi ⊂ P
ai−1, i = 1, 2, denote by I(X1) (resp. I(X2)) the vanishing ideal of X1

(resp. X2) generated by the homogeneous polynomials of K[x] (resp. K[y]) that vanish 
at all points of X1 (resp. X2). The Segre embedding is given by

ψ : Pa1−1 × P
a2−1 → P

a1a2−1

([(α1, . . . , αa1)], [(β1, . . . , βa2)]) → [(αiβj)],

where [(αiβj)] := [(α1β1, α1β2, . . . , α1βa2 , . . . , αa1β1, αa1β2, . . . , αa1βa2)]. The map ψ is 
well-defined and injective [20, p. 13]. The image of X1 × X2 under the map ψ, denoted 
by X, is called the Segre product of X1 and X2. The vanishing ideal I(X) of X is a graded 
ideal of K[t], where the ti,j variables are ordered as t1,1, . . . , t1,a2 , . . . , ta1,1, . . . , ta1,a2 . 
The Segre embedding is used in algebraic geometry, among other applications, to show 
that the product of projective varieties is again a projective variety, see [19, Lecture 2]. 
If Xi = P

ai−1 for i = 1, 2, the set X is a projective variety and is called a Segre variety
[19, p. 25]. The Segre embedding is used in coding theory, among other applications, to 
study the generalized Hamming weights of some product codes; see [29] and the references 
therein.

The contents of this paper are as follows. Let K = Fq be a finite field. In Section 2
we recall two results about the basic parameters and the second generalized Hamming 
weight of direct product codes (see Theorems 2.1 and 2.2). Then we introduce the family 
of projective Reed–Muller-type codes, examine their basic parameters, and explain the 
relation between Hilbert functions and projective Reed–Muller-type codes (see Propo-
sition 2.7). For an arbitrary field K we show that K[t]/I(X) is the Segre product of 
K[x]/I(X1) and K[y]/I(X2) (see Definition 2.8 and Theorem 2.10). The Segre product 
is a subalgebra of

(K[x]/I(X1)) ⊗K (K[y]/I(X2)),

the tensor product algebra. Segre products have been studied by many authors; see [9,
18,21] and the references therein. We give full proofs of two results for which we could 
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