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above by a significantly smaller value. Earlier results bound
the cardinality of the value set using the degree of the
polynomial, but more recent results make use of the powers

Communicated by Rudolf Lidl of all monomials.

In this paper, we explore the geometric properties of the
MSC: Newton polytope and show how they allow for tighter upper
11T06 bounds on the cardinality of the multivariate value set. We
ﬂggz then explore a method which allows for even stronger upper

bounds, regardless of whether one uses the multivariate degree
or the Newton polytope to bound the value set. Effectively,
this provides improvement of a degree matrix-based result
given by Zan and Cao, making our new bound the strongest
upper bound thus far.
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1. Recent multivariate value set theorems

For a given polynomial f(x) over a finite field Fy, let V¢ := Im(f) denote the value
set of f. Determining the cardinality and structure of the value set is a problem with a
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rich history and wide variety of uses in number theory, algebraic geometry, coding theory
and cryptography.

Relevant to this paper are theorems which provide upper bounds on the cardinality of
our value set when f(z) is not a permutation polynomial.' These upper bounds have been
extensively studied in the case of univariate polynomials (see [10] for more information),
but results on multivariate polynomial maps have gained more recent attention.

A result published by Mullen, Wan, and Wang in 2012 [8] gives a bound on the value
set of polynomial maps, one with no error terms:

Theorem 1.1. Let f(x1,...,25) = (fi(x1,.. . &n)s. .., fu(®1,...,2,)) be a polynomial

n

o> and let deg f = max; deg f;.

map over the vector space F

If |V < ¢", then |V| < ¢" —min {q, ngqegfl)} .

Since the time their paper was published, multiple refinements have been made to
this theorem.

One approach towards improving Theorem 1.1 is to replace the term "ég—g_fl) by using
different properties of the polynomial map f. Note that the degree only takes one mono-
mial of f into account, so it is reasonable to expect tighter bounds on |V}] if we account
for every monomial. Smith [10] improved upon Theorem 1.1 by generalizing Mullen,
Wan, and Wang’s p-adic lifting approach and utilizing the Newton polytope A(f) of
the polynomial map f. The Newton polytope is constructed using all monomials of f
using discrete geometry, meaning it encodes more information than deg f and allows for
a stronger statement to be made:

Theorem 1.2. (See Smith [10], 2014.) Let f(x1,...,zn) = (fi(z1,...,2n),-..,
fn(21,...,20)) be a polynomial map over the vector space ¥y, let A(f) be the New-
ton polytope of f, and let py be a certain constant (defined explicitly later) dependent on

A(f)-
If Vil <q", then |V¢| < ¢" —min{q, pus - (¢ — 1)}

Zan and Cao also refine Theorem 1.1 by using the degree matrix D of the polynomial
map f in order to account for all of the monomials of f. Their approach generalizes the
p-adic lifting technique as well and improves upon Smith’s statement in [10]:

Theorem 1.3. (See Zan, Cao [15], 2014.) Let f(x1,...,2n) = (fi(z1,...,Zn)s-..,
fo(x1, ..., 2,)) be a polynomial map over the vector space [y and let Dy be the degree
matriz of f.

L Permutation polynomials have also been studied extensively in literature, in view of their application
to cryptography and combinatorics. For more information about other ways value sets have been studied
historically, please refer to [6].
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