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1. Introduction and motivation

Cyclic codes have a prominent place in algebraic coding theory. They are among
the most intensively studied classes of codes. Another class of codes that attracted the
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attention of many coding theory researchers in the last two decades is codes over rings.
The interest in codes over rings started with the seminal work [10] and expanded in many
directions. Rings of order 16 are of special importance. Among other things it is known
that the smallest local finite Frobenius commutative, non-chain ring has order 16 [11].
Many rings of order 16 that are of interest in coding theory are extensions of Z,. For

example, codes over the ring Z<z[2”>] which can also be expressed as Z4 +uZ,, where u? = 0,

are introduced recently in [1], and cyclic codes over this ring are studied more recently
in [2].

Tables and databases of best known linear codes over small finite fields have been
available for a long time [3]. Due to the importance of codes over Z, and intensive work
on Zy-codes, a database of Z4-codes was created in [4] which is available online [5]. One
of the contributions of [2] was to find new Z4-linear codes that were not known before.

Cyclic codes have many generalizations. One of these is the class of constacyclic
codes. There has been much work on constacyclic codes since their introduction in [7].
Constacyclic codes over various rings are also extensively studied in recent years (e.g.
[6,12,13,15]). Negacyclic codes are a special case of constacyclic codes with shift con-
stant —1. Negacyclic codes over Z4 were initially investigated by Wolfmann [9] where
he proved that binary Gray image of a linear negacyclic code over Z, is a binary cyclic
code.

f;‘&“b & Z4 + uZy, where

u? = 1. This is one of the seven local Frobenius non-chain rings (LFNCR) of order 16
Zy[u]
(u24+2u) ’
to isomorphism) local Frobenius non-chain ring R of order 16 whose group of units is

In this article, we focus on cyclic codes over the ring R =

classified in [11] that is isomorphic to via 4 — u + 1. This is the unique (up
isomorphic to Cy x Cy x Co and 2 ¢ soc(R) [11]. We also consider constacyclic codes
over this ring with a specific shift constant. Note that the ring Z4 + uZy, where u? = 0,
over which cyclic codes are studied recently is another ring in the list of seven LFNCR’s
of order 16.

2. Preliminaries

Let R be the ring Z4 +uZ4 = {0,1,2,3,u,2u, 3u, 1 +u,2 +u, 3+ u, 1 + 2u, 2+ 2u, 3+
2u, 1 + 3u, 2 + 3u,3 + 3u}, where u? = 1. This ring is isomorphic to the quotient ring
Za[u]/{u?® — 1). The set of units of R is {1,3,u,3u,2 + u, 1 + 2u, 3 + 2u, 2 + 3u}. There
are 7 ideals in this ring of characteristic 4 which are (0), (2u), (1 +u), (3 +u), (2 + 2u),
(2u, 1 + ) and R. It is a local ring with the maximal ideal (2u,1 + u).

A linear code C of length n over R is an R-submodule of R™. Elements of C' are called
codewords. Since R is not a chain ring, there is no canonical form for the generator
matrix of a linear code over R, however, one can still find a generating set for it. We
will be interested in Z4-images of codes over R. Any z € R can be written in the
form z = b+ (a — b)u for a,b € Z4. Then we define the map ¢ : R — Z3 by ¢(z) =
(b,a + b), which is then extended to a map from R™ to Z3". For ©' = (vo,v1,...,Vp_1) =
(bo + u(ap — bo)y ..., bp—1 + u(an—1 — bp—1)), the natural way of extending ¢ gives us
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