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Let D2n be the dihedral group of order n. Left ideals of the 
group algebra FqD2n are known as left dihedral codes over 
Fq of length 2n, and abbreviated as left D2n-codes. In this 
paper, a system theory for left D2n-codes is developed only 
using finite field theory and basic theory of cyclic codes and 
skew cyclic codes. First, we prove that any left D2n-code is 
a direct sum of concatenated codes with inner codes Ai and 
outer codes Ci, where Ai is a minimal self-reciprocal cyclic 
code over Fq of length n and Ci is a skew cyclic code of length 
2 over an extension field or principal ideal ring of Fq . Then 
for the case of gcd(n, q) = 1, we give a precise description 
for outer codes in the concatenated codes, provide the dual 
code for any left D2n-code and determine all self-dual left 
D2n-codes. Moreover, all 1995 binary left dihedral codes and 
all 255 binary self-dual left dihedral codes of length 30 are 
given, and a class of left D2pn -codes over Fq is investigated.
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1. Introduction

Let Fq be a finite field of cardinality q and D2n = 〈x, y | xn = 1, y2 = 1, yxy = x−1〉
the dihedral group of order n. The group algebra FqD2n is a vector space over Fq with 
basis D2n. In addition, multiplication with scalars c ∈ Fq and multiplication are defined 
by: for any ag, bg ∈ Fq where g ∈ D2n,

∑
g∈D2n

agg +
∑

g∈D2n

bgg =
∑

g∈D2n

(ag + bg)g, c(
∑

g∈D2n

agg) =
∑

g∈D2n

cagg,

(
∑

g∈D2n

agg)(
∑

g∈D2n

bgg) =
∑

g∈D2n

(
∑
uv=g

aubv)g.

Then FqD2n is an associative and noncommutative Fq-algebra with identity 1 = 1Fq
1D2n

where 1Fq
and 1D2n are the identity elements of Fq and D2n respectively. Readers are 

referred to [12] for more details on group algebra.
For any a = (a0,0, a1,0, . . . , an−1,0, a0,1, a1,1, . . . , an−1,1) ∈ F

2n
q , we define

Ψ(a) = (1, x, . . . , xn−1)Ma

(
1
y

)
, where Ma =

⎛
⎜⎜⎝

a0,0 a0,1
a1,0 a1,1
. . . . . .

an−1,0 an−1,1

⎞
⎟⎟⎠ .

Then Ψ is an Fq-linear isomorphism from F2n
q onto FqD2n. As in [8], a nonempty subset 

C of F2n
q is called a left dihedral code (or left D2n-code more precisely) over Fq if Ψ(C)

is a left ideal of the Fq-algebra FqD2n. As usual, we will identify C with Ψ(C) in this 
paper.

Dutra et al. [7] investigated codes that are given as two-sided ideals in a semisimple 
finite group algebra FqG defined by idempotents constructed from subgroups of a finite 
group G, and gave a criterion to decide when these ideals are all the minimal two-sided 
ideals of FqG in the case when G is a dihedral group. McLoughlin [11] provided a new 
construction of the self-dual, doubly-even and extremal [48, 24, 12] binary linear block 
code using a zero divisor in the group ring F2D48.

Recently, Brochero Martínez [6] showed explicitly all central irreducible idempotents 
and their Wedderburn decomposition of the dihedral group algebra FqD2n, in the case 
when every divisor of n divides q − 1. This characterization depends to the relation of 
the irreducible idempotents of the cyclic group algebra FqCn and the central irreducible 
idempotents of the group algebras FqD2n. Gabriela and Inneke [8] provided algorithms 
to construct minimal left group codes. These are based on results describing a complete 
set of orthogonal primitive idempotents in each Wedderburn component of a semisimple 
finite group algebra FqG for a large class of groups G.

More importantly, Bazzi and Mitter [1] showed that for infinitely many block lengths 
a random left ideal in the binary group algebra of the dihedral group is an asymptotically 
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