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We define the notion of weighted projective Reed—Muller
codes over a subset X C P(wi,...,ws) of a weighted
projective space over a finite field. We focus on the case when
X is a projective weighted torus. We show that the vanishing
ideal of X is a lattice ideal and relate it with the lattice ideal
of a minimal presentation of the semigroup algebra of the
numerical semigroup @ = (w1, ..., ws) C N. We compute the
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index of regularity of the vanishing ideal of X in terms of
the weights of the projective space and the Frobenius number
of Q. We compute the basic parameters of weighted projective
Reed—Muller codes over a 1-dimensional weighted torus and

prove they are maximum distance separable codes.
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1. Introduction

A standard projective Reed—Muller code, C'x(d), is the image of the degree d homo-
geneous component of a standard polynomial ring K[ty, ..., ts] over a finite field K by a
homomorphism defined by evaluation of forms of degree d on the points of an arbitrary
subset X C P*. In this work we define the notion of weighted projective Reed—Muller
code (see Definition 3.1). This notion differs from the standard definition in that the
grading of Kf[t1,...,ts], which is given by deg(t;) = w; > 1, for coprime integers w;, is
not necessarily the standard one. We focus on the family of codes Cp(d) associated with
a weighted (s — 1)-dimensional projective torus T(wq,...,ws) (see Definition 2.4).

Standard projective Reed—Muller codes of order d < ¢q were defined and studied by
Lachaud in [17,18] and, for all d > 0, by Sgrensen in [31]. Much of the recent research
on projective Reed—Muller codes over an arbitrary subset of X C P° focuses on the
computation of their basic parameters: length, dimension and minimum distance (see
Definition 3.3). When X = P* all the basic parameters are known (cf. [18,31]); in par-
ticular, projective Reed—Muller codes over P! are mazimum distance separable codes. In
general, an approach to this computation using commutative algebra (as in [26]) relies
on a good understanding of Iy C K|[ty,...,ts], the vanishing ideal of X. Many authors
have studied projective Reed—Muller codes over a subset X C IP? for which the ideal Ix
is well understood; e.g., when X is the set of rational points of a complete intersection,
cf. [1,4,5,7,11,15,29,30], when X is the Segre embedding of the product of two projective
spaces, c¢f. [12], when X is the Veronese variety, ¢f. [13], when X is an affine Cartesian
product, ¢f. [3,19,10], when X is the projective torus in P* and, more generally, when X
is an algebraic toric subset, cf. [21-23,25,28,29].

The advantage of working with subsets of the torus is that for a certain subclass
of these subsets (consisting of algebraic toric subsets, as defined by Villarreal et al. in
[25,27]) the ideal Ix is a lattice ideal. Like in the standard case, I, the vanishing ideal
of the weighted torus T(wq,...,ws), is also a lattice ideal. Indeed, we show that It is
Cohen—Macaulay, 1-dimensional and can be obtained from the lattice ideal of a minimal
presentation of the semigroup algebra of the numerical semigroup @ = (w1, ..., ws) C N
(¢f. Theorem 2.8). The lattice ideal of a minimal presentation of the semigroup algebra
was first studied by Herzog in [16]. He gives a sufficient condition for this ideal to be
a complete intersection (see Remark 2.12), which, combined with our results, is also a
sufficient condition for It to be a complete intersection. The relation between It and the
lattice ideal of a minimal presentation of () enables the computation of the Hilbert series
and the index of regularity of K[t1,...,ts]/It in terms of wy, ..., ws and the Frobenius
number of @ (¢f. Theorem 3.8 and Corollary 3.9). The importance, from a coding theory
point of view, of the knowledge of the index of regularity is clearer in the case of standard
projective Reed—Muller codes. Here, the function dimg Cx(d) is strictly increasing and
the value of d for which dimg Cx(d) becomes constant and is equal to the dimension of
the ambient space (thus, for which Cx(d) becomes the trivial code) is precisely given by
the index of regularity. In the weighted case dimy Cx (d) is not necessarily an increasing
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