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A classical result of Conway and Pless is that a natural 
projection of the fixed code of an automorphism of odd prime 
order of a self-dual binary linear code is self-dual [13]. In this 
paper we prove that the same holds for involutions under some 
(quite strong) conditions on the codes.
In order to prove it, we introduce a new family of binary 
codes: the semi self-dual codes. A binary self-orthogonal code 
is called semi self-dual if it contains the all-ones vector and is 
of codimension 2 in its dual code. We prove upper bounds on 
the dual distance of semi self-dual codes.
As an application we get the following: let C be an extremal 
self-dual binary linear code of length 24m and σ ∈ Aut(C) be 
a fixed point free automorphism of order 2. If m is odd or if 
m = 2k with 

(5k−1
k−1

)
odd then C is a free F2〈σ〉-module. This 

result has quite strong consequences on the structure of the 
automorphism group of such codes.
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1. Introduction

The research in this paper is motivated by the study of involutions of extremal self-dual 
codes, which plays a fundamental role in [17,6,5,8,7,21]. A classical result of Conway and 
Pless is that a natural projection of the fixed code of an automorphism of odd prime 
order of a self-dual binary linear code is self-dual [13]. We will prove that the same holds 
for involutions under some (quite strong) conditions on the codes

Let m ∈ N and C = C⊥ ≤ F
24m
2 be an extremal binary self-dual code, so d(C) = 4m +4

[15]. Then C is doubly even [19]. There are unique extremal self-dual codes of length 24 
and 48 and these are the only known extremal codes of length 24m. It is an intensively 
studied open question raised in [20], whether an extremal code of length 72 exists. A series 
of many papers has shown that if such a code exists, then its automorphism group 
Aut(C) = {σ ∈ S24m | σ(C) = C} has order ≤ 5 (see [4] for an exposition of this result). 
Stefka Bouyuklieva [9] studies automorphisms of order 2 of such codes. She shows that 
if C is an extremal code of length 24m, m ≥ 2 and σ ∈ Aut(C) has order 2, then the 
permutation σ has no fixed points, with one exception, m = 5, where there might be 24 
fixed points. If σ = (1, 2), . . . , (24m − 1, 24m) is a fixed point free automorphism of a 
doubly even self dual code C, then its fixed code

C(σ) :=
{
c ∈ C

∣∣ σ(c) = c
}

is isomorphic to

π
(
C(σ)

)
=

{
(c1, . . . , c12m) ∈ F

12m
2

∣∣ (c1, c1, c2, c2, . . . , c12m, c12m) ∈ C
}

such that

π
({

c + σ(c)
∣∣ c ∈ C

})
= π

(
C(σ)

)⊥ ⊆ π
(
C(σ)

)
.

As C is doubly-even, all words in π(C(σ)) have even weight. It is shown in [17] and [5]
that the code C is a free F2〈σ〉-module, if and only if π(C(σ)) is self-dual. If π(C(σ)) is 
not self-dual then it contains the dual D⊥ of some code D of length 12m with

1 := (1, . . . , 1) ∈ π
(
C(σ)

)⊥ ⊆ D ⊆ D⊥ ⊆ π
(
C(σ)

)
.

In particular d(D⊥) ≥ d(π(C(σ))) = 1
2d(C(σ)) ≥ 1

2d(C).

Definition 1.1. A binary self-orthogonal code D ⊆ D⊥ ≤ F
n
2 of length n is called semi 

self-dual, if 1 := (1, . . . , 1) ∈ D and dim(D⊥/D) = 2.

Self-orthogonal codes always consist of words of even weight, so wt(c) := |{i | ci =
1}| ∈ 2Z for all c ∈ D. Hence already the condition that 1 ∈ D implies that the length 
n = 12m of D is even. Note that D⊥ ⊆ 1⊥ = {c ∈ F

n
2 | wt(c) ∈ 2Z} implies that also 
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