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1. Introduction

Let IF, be the finite field of ¢ elements with characteristic p. Let v be a fixed primitive
element of F, throughout the paper. The value set of a polynomial g over F, is the set
Vg of images when we view g as a mapping from F, to itself. Clearly g is a permutation
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polynomial (PP) of F, if and only if the cardinality |V;| of the value set V; is ¢. Asymp-
totic formulas such as [V,| = A(g)q + O(¢'/?), where A(g) is a constant depending only
on certain Galois groups associated to g, can be found in Birch and Swinnerton-Dyer
[3] and Cohen [9]. Later, Williams [27] proved that almost all polynomials g of degree d
satisfy A(g) =1— 4 + & + -+ (=1) 1 .

There are also several results on explicit upper bound for |V if ¢ is not a PP over
Fg; see for example [16,22,23]. Perhaps the most well-known result is due to Wan [23]
who proved that if a polynomial g of degree d is not a PP then

AEYEE 1)
On the other hand, it is easy to see that |Vy| > [¢/d] for any polynomial g over [,
with degree d. The polynomials achieving this lower bound are called minimal value set
polynomials. The classification of minimal value set polynomials over IF,» with k& <2 can
be found in [7,17], and in [4] for all the minimal value set polynomials in Fy[x] whose
value set is a subfield of ;. See [11,24] for further results on lower bounds of |V;| and
[15] for some classes of polynomials with small value sets. More recently, algorithms and
complexity in computing |V | have been studied in [8]. For a recent survey on value sets
of polynomials over finite fields, we refer the readers to Section 8.3 in [18].
We note that all of these previous results mentioned above relate |Vy| to the degree
d of g. It is also well known that every polynomial g over F, such that g(0) = b has
the form ax” f(x®) + b with some positive integers r, s such that s | (¢ — 1). There are
different ways to choose r, s in the form az” f(2*) +b. However, in [1], the concept of the
index of a polynomial was first introduced and any non-constant polynomial g € Fy[z]
of degree < ¢ — 1 can be written uniquely as g(z) = a(z” f(x(4=1/4)) + b with index ¢
defined below. Namely, write

g(x) = a(@" 4+ an_y @+ F A ") + b,

where a,a,—;;, # 0, j = 1,...,k. The case that k = 0 is trivial. Thus, we shall assume
that k > 1. Write n — 4, = r, the vanishing order of x at 0 (i.e., the lowest degree of x
in g(z) —bis 7). Then g(z) = a(z” f(x@~V/4)) + b, where f(z) = 2% 4 ap_;, ¢ +--- +

€l —
Ap—ij_, T + ay,

q—1 q—1
ged(n —rn—7r —iy,...,n—7—ip_1,q—1) s

)

and ged(eg, eq,...,ex—1,¢) = 1. The integer £ = q;sl is called the index of g(x). From
the above definition of index ¢, one can see that the greatest common divisor condition
makes ¢ minimal among those possible choices.

Clearly, the study of the value set of g over I, is equivalent to studying the value set
2" f (2@~ 1/%) over F, with index £. Recently Mullen, Wan and Wang [20] used an index
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