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Ahlswede, Khachatrian, Mauduit and Sárközy [1] introduced 
the f -complexity measure (“f” for family) in order to study 
pseudorandom properties of large families of binary sequences. 
So far several families have been studied by this measure. In 
the present paper I considerably improve on my earlier result 
in [8], where the f -complexity measure of a family based on 
the Legendre symbol and polynomials over Fp is studied. This 
paper also extends the earlier results to a family restricted on 
irreducible polynomials.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Finite pseudorandom binary sequences play a crucial role in cryptography, in par-
ticular they are used as key in the well-known and frequently used Vernam-cipher. 
Thus it is an important problem to decide whether a given binary sequence can be 
considered as a pseudorandom sequence or not. The classical approach to characterize 
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pseudorandomness is to use computational complexity. However this approach has cer-
tain weak points thus in 1997 Mauduit and Sárközy [15] introduced another quantitative 
and constructive approach towards pseudorandomness, and they introduced certain mea-
sures (called well-distribution and correlation measure of order �) of pseudorandomness. 
See [15] for details. Since then many constructions have been given for finite binary 
sequences possessing strong pseudorandom properties in terms of these measures.

Moreover in the most applications one needs large families of sequences of this type. 
Goubin, Mauduit and Sárközy [6] succeeded in constructing large families of pseudoran-
dom binary sequences with proved strong pseudorandom properties. The construction 
studied by them was the following:

Construction 1.1. Let K ≥ 1 be an integer and p be a prime number. If f ∈ Fp[x] is a 
polynomial with degree 1 ≤ k ≤ K and no multiple zeros in Fp, then define the binary 
sequence Ep(f) = Ep = (e1, . . . , ep) by

en =
{

( f(n)
p ) for (f(n), p) = 1,

+1 for p | f(n).
(1.1)

Let F(K, p) denote the set of all sequences obtained in this way.

Indeed, first Hoffstein and Lieman [12] proposed the use of polynomials f in (1.1) such 
that they are squarefree and neither even, nor odd, but they did not prove anything on 
the pseudorandom properties of the corresponding sequence Ep(f). Goubin, Mauduit and 
Sárközy proved that under certain not too restrictive conditions on the polynomial f , 
the sequences constructed in this way have strong pseudorandom properties. Since then 
many other families have been constructed, but still this seems to be the most satisfactory 
construction.

Clearly for a polynomial f ∈ Fp[x] and an element a ∈ F
∗
p the sequences Ep(f)

and Ep(a2f) are the same. By this and the results of Tóth [17, Theorem 1] the size of 
F(K, p) equals twice of the number of monic squarefree polynomials of degree ≤ K for 
K ≤ p1/2

2 . This number was estimated first by Carlitz [4] and as a conclusion we get 
|F(K, p)| = 2pK for K ≤ p1/2

2 . In general we have |F(K, p)| ≤ 2pK .
In many applications of cryptography it is not enough to know that the family con-

tains many binary sequences with strong pseudorandom properties; it is also important 
that the family has a “rich”, “complex” structure, there are many “independent” se-
quences in it. Ahlswede, Khachatrian, Mauduit and Sárközy [1] introduced the notion of 
f -complexity (“f” for family) defined in the following way:

Definition 1.1. If N, j ∈ N, j ≤ N , (ε1, ε2, . . . , εj) ∈ {−1, +1}j , i1, i2, . . . , ij are integers 
with 1 ≤ i1 < i2 < · · · < ij ≤ N and EN = (e1, e2, . . . , eN ) ∈ {−1, +1}N is a binary 
sequence such that
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