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In this paper we study an instance of projective Reed–
Muller type codes, i.e., codes obtained by the evaluation of 
homogeneous polynomials of a fixed degree in the points of 
a projective variety. In our case the variety is an important 
example of a determinantal variety, namely the projective 
surface known as rational normal scroll, defined over a finite 
field, which is the basic underlining algebraic structure of this 
work. We determine the dimension and a lower bound for the 
minimum distance of the codes, and in many cases we also 
find the exact value of the minimum distance. To obtain the 
results we use some methods from Gröbner bases theory.
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1. Introduction

Since the construction of algebraic geometry codes by V.D. Goppa (see [2]) in 1983, 
concepts and tools from algebraic geometry, as well as from commutative algebra, have 
become increasingly important in coding theory. The codes produced using Goppa con-
struction may be thought of as a particular case of the so-called evaluation codes, 
meaning that functions from a certain vector space are evaluated on points of an al-
gebraic variety, or more generally, on a set of points of an affine or projective space 
over Fq, a finite field with q elements.

In 1991 Sørensen determined the parameters of the projective Reed–Muller codes, 
obtained by evaluating all homogeneous polynomials of degree d in Fq[X0, . . . , Xn] at 
the points of Pn(Fq) thus obtaining a code in Fm

q , where m = #(Pn(Fq)) = (qn−1)/(q−1)
(see [7]). For the purpose of the evaluation the coordinates of the points in the projective 
space are considered to be in the standard notation, i.e. the leftmost nonzero entry 
is 1. Since then many other projective evaluation codes have been studied, where one 
replaces Pn(Fq) by e.g. a zero-dimensional complete intersection in Pn(Fq) (see [5]), the 
Segre variety (see [6]), smooth quadric surfaces and twisted Segre varieties (see [4]), etc.

In this paper we study the projective evaluation codes obtained by evaluating homo-
geneous polynomials of degree d at the points of a rational normal scroll, a projective 
surface which we define as follows.

Definition 1.1. Let m and n be integers such that 1 ≤ m ≤ n and let l = n + m + 1. 
A rational normal scroll S ⊂ Pl(Fq) is the algebraic surface defined by

S =
{

(x0 : · · · : xl) ∈ Pl(Fq) | rank
(
x0 · · · xn−1 xn+1 · · · xl−1
x1 · · · xn xn+2 · · · xl

)
= 1
}

.

Let S0 be the open subset of S isomorphic to the affine plane given by

S0 =
{
(1 : a : · · · : an : b : ab : · · · : amb) | (a, b) ∈ A2(Fq)

}
,

and let C∞ and L∞ be the rational curves on S given by

C∞ =
{
(0 : · · · : 0 : am0 : am−1

0 a1 : · · · : am1 ) ∈ S | (a0 : a1) ∈ P1(Fq)
}

and

L∞ =
{
(0 : · · · : 0 : λ : 0 : · · · : 0 : μ) ∈ S | (λ : μ) ∈ P1(Fq)

}
.

It is not difficult to check that S = S0 ∪ L∞ ∪ C∞ (see e.g. [3, Section 1]) where the 
union is disjoint, except for the point at the intersection of the two rational curves, thus 
S has

N = q2 + 2(q + 1) − 1 = (q + 1)2
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