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power and Fy is the finite field with g elements. We determine
the largest possible size of a subset S of Fp such that
{B(z,y) | z,y € Sand x # y}| = 1. We also pose some
conjectures concerning nearly orthogonal subsets of Fj where
a nearly orthogonal subset T of Fy is a set of vectors in which

MSC: among any three distinct vectors there are two vectors x, y
05D05 so that B(z,y) = 0.
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1. Introduction

Erdés in [6] posed his two famous distinct distances and unit distances problems for the
plane and later in [7] he considered the extension of these problems to the d-dimensional
Euclidean space. The distinct distances problem asks for fg(n), the minimum number
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of distinct distances among n points in the d-dimensional Euclidean space, and the unit
distances problem asks for g4(n), the maximum number of the unit distances that can
occur among n points in the d-dimensional Euclidean space. He conjectured that there
are two positive constants ¢; and ¢y such that

and fy(n) > con??,

f2 (n) > C1

n
Vlogn

for any large enough n and any d > 3. Recently, Katz and Guth in [12] came close to
settling this conjecture for the plane by proving

fa(n) > ¢

logn’

for a positive constant ¢ and any large enough n. Considering gq(n), the case d > 4 is
easier to handle than the cases d = 2 and d = 3. In some cases it is possible to give exact
value of g4(n). For example, Erdds [7] showed that if d > 4 is even and n = 0 (mod 2d),
then

ga(n) = == (dg_ 2

+n,
for any n large enough dependent on d.

Recently, there has been a growing interest in the g-analogues of the above problems,
see [4,13-17] for example. By g-analogue problems we mean that, instead of considering
the points in the Euclidean spaces, one can consider points in the n-dimensional vector
space over [, and ask appropriate and similar questions, where F, is the finite field with
q elements. For instance, Iosevich and Rudnev in [16] defined the distance between two
points © = (z1,...,2,) and y = (y1,...,ys) in F} to be (21 —y1)?+ -+ (2, —yn)? and
proved that if ¢ is an odd prime power and S is a subset of Fy with 1S| = cq+1)/2 for
a sufficiently large constant ¢, then the set of distances determined by pairs of distinct
points in S contains F, \ {0}. Of course, one can change the definition of distance used
in [16] using an arbitrary quadratic form over Fy and ask questions analogous to the
distinct distances and unit distances problems.

In this article, we are interested in a g-analogue variant of the unit distances problem
as follows. Consider ¢ € F,; and assume that B is a non-degenerate symmetric bilinear
form over ;. We determine the largest possible cardinality of a subset S of Fj so that
B(x,y) =t, for every distinct vectors x,y € S.

There are some results in the literature related to the special case of t = 0. Zame
in [21] found the largest possible cardinality of a subset S C I}, for a prime number p,
so that the standard coordinate-wise inner product of every two distinct vectors in S is 0.
In [20], the general case of non-degenerate symmetric bilinear forms with ¢ = 0 has been
treated. Unfortunately, main result of [20] contains an error and although it is claimed
that upper bounds obtained in [20] are tight, they are actually not. Our Theorem 4
corrects the mistake of [20] by establishing sharp upper bounds.
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