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We show how to compute the pre-images of multiplication-
by-2 in Jacobians of genus 2 curves C : y2 = f(x) over Fq

with q odd. We characterize D = [u(x), v(x)] ∈ 2Jac(C)(Fq)
in terms of the quadratic character of u(x) at the roots of f(x)
in imaginary models, and in terms of the quadratic character 
of the quotients of u(x) at pairs of roots of f(x) in real models. 
Our method reduces the problem to the computation of at 
most 5 square roots over the splitting field of f(x) plus the 
solution of a system of linear equations.
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1. Introduction

We work with divisors D in the Jacobian Jac(C)(Fq) of a genus 2 curve C : y2 = f(x)
over a finite field Fq of odd characteristic by means of their usual Mumford representa-
tion, this is a pair of polynomials [u(x), v(x)] such that f(x) ≡ v(x)2 modulo u(x), with 
u(x) monic and deg(v(x)) < deg(u(x)) ≤ 2 (see [3]) except if deg(f(x)) = 6 and the 
support of D contains some of the points at infinity, in which case deg(u(x)) = 0, 1 and 
deg(v(x)) = 3 (see [11,5]).

Given D2 = [u2(x), v2(x)] = [x2 + u21x + u20, v21x + v20] ∈ Jac(C)(Fq) and θ a root 
of f(x), we prove an equivalence between the values u2(θ) being squares and the existence 
of D1 = [u1(x), v1(x)] = [x2 + u11x + u10, v11x + v10] ∈ Jac(C)(Fq) such that 2D1 = D2. 
We provide computational details not covered in [3]. Our contribution shows how to 
compute the bisections D1 from 

√
u2(θ) (see Theorems 2.5, 2.7, 4.7 and 4.8).

As a consequence of the final modular reduction in Cantor’s divisor class reduction 
algorithm (see [2] or [4, p. 308]), if D1 is a weight 2 bisection of D2, both defined over Fq, 
then there exists a linear polynomial k(x) = k1x + k0 ∈ Fq[x] such that u2

1(x) and the 
monic associate of the quotient

f(x) − ((k1x + k0)u2(x) − v2(x))2

u2(x) (1)

are equal (see [7–9]). This means that for every D2 ∈ 2Jac(C)(Fq) there exists a coefficient 
c = c(k1, k0, f0, . . . , f6, u21, u20, v21, v20) ∈ Fq such that

f(x) − ((k1x + k0)u2(x) − v2(x))2

u2(x) = c · u2
1(x). (2)

For (2) to hold we need D1 /∈ Θ = {D ∈ Jac(C)(Fq) | deg(uD) ≤ 1}. Given a bisectee D2, 
from (2) we obtain the bisections D1 away from Θ. Any D1 is fully defined by u1(x) and 
k(x) since

v1(x) ≡ k(x)u2(x) − v2(x) mod u1(x). (3)

Because of the imbalance in degrees that would occur otherwise, D1 /∈ Θ implies k1 �= 0
if f(x) has degree 5 and k1 �= ±

√
f6 if f(x) has degree 6. Bisections D1 ∈ Θ are out 

of reach with our method. They correspond to the values k1 = 0, ±
√
f6 and they lie 

at infinity. However, one finds them at almost no cost by other means (see [7,8] for 
example). Our method does not apply for bisectees D2 = ±(∞1 −∞2) either, but again 
their bisections are found differently.

As an analogy, let E : y2 = g(x) be an elliptic curve over Fq and let Q ∈ E(Fq) \
E(Fq)[2]. If P ∈ E(Fq) is such that 2P = Q, then (2) is

(k0(x− xQ) − yQ)2 − g(x)
(xQ − x) = (x− xP )2,
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