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Let l be a finite field of cardinality q and let n be in Z≥1. 
Let f1, . . . , fn ∈ l[x1, . . . , xn] not all constant and consider 
the evaluation map f = (f1, . . . , fn): ln → ln. Set deg(f) =
maxi deg(fi). Assume that ln \ f(ln) is not empty. We will 
prove

∣∣ln \ f
(
ln
)∣∣ ≥ n(q − 1)

deg(f)
.

This improves previous known bounds.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The main result of [1] is the following theorem.

Theorem 1.1. Let l be a finite field of cardinality q and let n be in Z≥1. Let f1, . . . , fn ∈
l[x1, . . . , xn] not all constant and consider the map f = (f1, . . . , fn): ln → ln. Set 
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deg(f) = maxi deg(fi). Assume that ln \ f(ln) is not empty. Then we have

∣∣ln \ f
(
ln
)∣∣ ≥ min

{
n(q − 1)
deg(f) , q

}
.

We refer to [1] for a nice introduction to this problem including references and histor-
ical remarks. The proof in [1] relies on p-adic liftings of such polynomial maps. We give 
a proof of a stronger statement using different techniques.

Theorem 1.2. Under the assumptions of Theorem 1.1 we have

∣∣ln \ f
(
ln
)∣∣ ≥ n(q − 1)

deg(f) .

We deduce the result (see Theorem 4.3) from the case n = 1 by putting a field 
structure k on ln and relate the k-degree and the l-degree. We prove the result n = 1 in 
a similar way as in [2].

2. Degrees

Let l be a finite field of cardinality q and let V be a finite dimensional l-vector 
space. By V ∨ = Hom(V, l) we denote the dual of V . Let v1, . . . , vs be a basis of V . 
By x1, . . . , xs we denote its dual basis in V ∨, that is, xi is the map which sends vj to 
δij . Denote by Syml(V ∨) the symmetric algebra of V ∨ over l. We have an isomorphism 
l[x1, . . . , xs] → Syml(V ∨) mapping xi to xi. Note that Map(V, l) = lV is a commutative 
ring under the coordinate wise addition and multiplication and it is an l-algebra. The 
linear map V ∨ → Map(V, l) induces by the universal property of Syml(V ∨) a ring 
morphism ϕ: Syml(V ∨) → Map(V, l). When choosing a basis, we have the following 
commutative diagram, where the second horizontal map is the evaluation map and the 
vertical maps are the natural isomorphisms:

Sym(V ∨)
ϕ

Map(V, l)

l[x1, . . . , xs] Map(ls, l).

Lemma 2.1. The map ϕ is surjective. After a choice of a basis as above the kernel is 
equal to (xq

i − xi : i = 1, . . . , s) and every f ∈ Map(V, l) has a unique representative ∑
m=(m1,...,ms): 0≤mi≤q−1 cmxm1

1 · · ·xms
s with cm ∈ l.

Proof. After choosing a basis, we just consider the map

l[x1, . . . , xs] → Map
(
ls, l

)
.
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