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1. Introduction

Fitzgerald [1] gave a criterion for distinguishing primitive polynomials among irre-
ducible ones by counting the number of nonzero coefficients in a certain quotient of
polynomials. This characterization was then used to compute the minimum weight of
certain binary BCH codes. Subsequently, Laohakosol and Pintoptang [2] modified and
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extended the result of Fitzgerald using similar techniques and appealing to the theory of
linear recurrences. Here, we prove Fitzgerald’s original result by a more direct approach
using elementary properties of the trace map.

2. Fitzgerald’s theorem

In the following theorem, the condition P(1) # 0 is imposed to rule out the polynomial
P(z) = 2+ 1 which is primitive in Fa[z].

Theorem 2.1 (Fitzgerald). Let P(x) € Fy[x] be a monic irreducible polynomial of degree
k with P(1) # 0. Let m = ¢* — 1 and define g(v) = %. Then P(x) is primitive if

and only if g(x) is a polynomial with exactly (¢ — 1)g*~! — 1 nonzero terms.

Proof. Let P(z) be as in the hypothesis of the theorem. If P(0) = 0 then P(x) cannot be
primitive. So suppose P(0) # 0. Then g(x) is necessarily a polynomial of degree at most
m — 1. Let Q(«) be the monic reciprocal of P(z) and let Q(x) = (xr —aq) -+ (x — ag) be
the factorization of Q(x) in Fx[x]. Then

k

P(x) = aH(l — ;)
i=1
for some a € F;. We then have the partial fraction decomposition
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where a; = af‘l /Q'(a;) for 1 < ¢ < k. Expanding each term of the partial fraction
formally as a power series and collecting terms, we obtain
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where

o= Zj) Tl T(%)

for each integer r and o = a. Here Tr : Fo» — I, is the trace map. Now, we have
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