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In this paper, we present three classes of complete permuta-
tion monomials over finite fields of odd characteristic. Mean-
while, the compositional inverses of these polynomials are also 
investigated.
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1. Introduction

Let p be a prime number and q = pn. Let Fq denote the finite field of order q and 
F
∗
q the set of all nonzero elements of Fq. A polynomial f(x) ∈ Fq[x] is called a permutation 

polynomial (PP) of Fq if the associated polynomial function f : c �→ f(c) from Fq to Fq is 
a permutation of Fq. For a permutation polynomial f(x) ∈ Fq[x] there exists (a unique) 
f−1(x) ∈ Fq[x] such that f(f−1(x)) ≡ f−1(f(x)) ≡ x(mod xq − x). We call f−1(x) the 
compositional inverse of f(x). Permutation polynomials were studied first by Hermite 
[8] and later by Dickson [5]. Permutation polynomials have been an active topic of study 
in recent years due to their important applications in cryptography, coding theory, and 
combinatorial designs theory. A permutation polynomial f(x) ∈ Fq[x] is a complete 
permutation polynomial (CPP) over Fq if f(x) + x permutes Fq as well. The study of 
complete permutation polynomials started with the work of Niederreiter and Robinson 
[14]. Finding new PPs and CPPs of finite fields is a difficult problem and there are rare 
classes of CPPs known. For more study of PPs and CPPs can be found in [1–4,6,9,10,
15,17,19,20].

Our interest in complete permutation polynomials arises from a recent paper by Tu 
et al. [16] in which several classes of complete permutation polynomials over finite fields 
of even characteristic were constructed. More precisely, they considered three classes of 
monomial complete permutation polynomials and a class of trinomial complete permuta-
tion polynomials. In [14], Niederreiter and Robinson pointed out that the compositional 
inverse of a complete permutation polynomial is also a complete permutation polyno-
mial. As part of our main results in this correspondence we present three new classes of 
monomial complete permutations (see Theorem 3.1, Theorem 3.3 and Theorem 3.5) over 
finite fields of odd characteristic, not corresponding to any known monomial complete 
permutation. The proofs of Theorem 3.1 and Theorem 3.3 are based on the methods used 
by Dobbertin [7], Leander [11] and Tu et al. [16]. Furthermore, we find that the complete 
permutation polynomials in the second class (see Theorem 3.3) are related to Dickson 
polynomials. Inspired by the work of Wan and Lidl [18], we obtain the third class of com-
plete permutation monomials (see Theorem 3.5) over finite fields of odd characteristic. 
In addition, the compositional inverses of these polynomials are also investigated.

The rest of this paper is organized as follows. Necessary basic concepts and related 
results are given in Section 2. In Section 3, we propose three classes of monomial complete 
permutations over finite fields of odd characteristic and give their compositional inverses.

2. Preliminaries

For every prime p, the residue class ring Z/(p) forms a finite filed with p elements. 
Let p be the characteristic of Fpn ; then the prime field contained in Fpn is Fp, which we 
identify with Z/(p). For any positive integer n with a divisor m ≥ 1, the trace function, 
denoted by Trnm(x), from Fpn to Fpm is defined as
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