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1. Introduction

A linear code with a complementary-dual (which is abbreviated to LCD code) was
defined in [10] to be a linear code C satisfying CNC+ = {0}. In the same paper, Massey
showed that asymptotically good LCD codes exist, and provided applications of LCD
codes such as they provide an optimum linear coding solution for the two-user binary
adder channel.
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Dinh established the algebraic structures in terms of generator polynomial of all
repeated-root constacyclic codes of length 3p®, 4p®, 6p® over Fpm. Using these struc-
tures, constacyclic LCD codes of such lengths were also characterized (see [1,3,2]). Yang
and Massy in [15] showed that a necessary and sufficient condition for a cyclic code of
length n over finite fields to be an LCD code is that the generator polynomial g(z) is
self-reciprocal and all the monic irreducible factors of g(z) have the same multiplicity
in g(z) as in 2™ — 1. In [13], Sendrier indicated that linear codes with complementary-
duals meet the asymptotic Gilbert—Varshamov bound. Esmaeili and Yari in [6] studied
complementary-dual quasi-cyclic codes. Necessary and sufficient conditions for certain
classes of quasi-cyclic codes to be LCD codes were obtained [6].

The purpose of this paper is to examine linear codes with complementary duals over
finite chain rings. The necessary background materials on finite chain rings are given
in Section 2. Section 3 contains the main results of this paper. We provide a necessary
condition for an LCD linear code C over a finite chain ring (see Theorem 3.4). An
example is exhibited to show that the converse of Theorem 3.4, in general, does not
hold. Under suitable conditions, we give a sufficient condition under which a given linear
code C over a finite chain ring is LCD. In particular, we derive a necessary and sufficient
condition for free linear codes over a finite chain ring to be LCD. In Section 4, we give
a characterization of LCD codes over principal ideal rings (PID).

2. Preliminaries

We begin with some definitions and properties about finite chain rings (see [9]). Let
R be a finite commutative ring with identity. A nonempty subset C' C R" is called a
linear code of length n over R if it is an R-submodule of R™. Throughout this paper, all
codes are assumed to be linear.

A commutative ring is called a chain ring if the lattice of all its ideals is a chain. It
is well known that if R is a finite chain ring, then R is a principal ideal ring and has a
unique maximal ideal () = Ry = {rvy | r € R}. Its chain of ideals is

R={(")2{y)2--- 220" =1{0}

The integer t is called the nilpotency index of (7). Note that the quotient R/(7) is a
finite field F,, where ¢ is a power of a prime p. There is a natural homomorphism from
R onto F, = R/(7), ie.,

“:R—F,=R/{y), r—=r+{y)=r foranyrecR.
We need the following lemma (see [5]).

Lemma 2.1. Let R be a finite chain ring with mazimal ideal (y). Let V. C R be a set of
representatives for the equivalence classes of R under congruence modulo ~v. Then
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