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1. Introduction

In [3] Kopparty and Wang considered the zero—nonzero pattern of a univariate poly-
nomial P(X) over F, and its relation to the number of roots in 7. Their main theorem
[3, Theorem 1] states that a polynomial with many zeros cannot have long sequences
of consecutive coeflicients all being equal to zero. Then in [3, Theorem 2| they gave
necessary and sufficient conditions for a product of pairwise different linear factors to
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have sequences of zero coefficients of maximal possible length for any polynomial with
prescribed number of roots. In this note we generalize the above mentioned results to
polynomials in more variables.

In Section 2 we start by recalling the results by Kopparty and Wang. In Section 3 we
then present and prove the generalizations.!

2. Univariate polynomials

The main theorem in [3] is their Theorem 1 which we present in a slightly stronger
version.

Theorem 1. Let P(X) € F,[X] be a nonzero polynomial of degree at most ¢ — 2, say
P(X) = Zg;g b; X Let m be the number of x € Fy with P(z) # 0. Then there
does not exist any k € {0,...,q — 2} where all the m coefficients by, byi1rem(g—1)s-- >

bktm—1rem(q—1) are zero.

The modification made in Theorem 1 is that we consider k € {0,...,q — 2} rather
than just k € {0,...,¢ — 1 —m}. The proof in [3] is easily modified to cover this more
general situation. Alternatively, one can deduce it by writing P(X) = X*Q(X) with s
maximal and then applying [3, Theorem 1] to Q(X).

Obviously, if we consider a product of ¢ — 1 —m pairwise different linear factors X —z
with z # 0, this polynomial has exactly m non-roots in F; and we have by—pm = -+ =
by—2 = 0 which is a sequence of m — 1 consecutive zero coeflicients modulo ¢ — 1. The
below theorem, corresponding to [3, Theorem 2|, gives sufficient and necessary conditions
for a sub-sequence of m — 1 consecutive zeros among by, ..., bg—m—2 to exist.

Theorem 2. Let S be a subset of F, of size ¢ — 1 —m, where m > 2 and consider

g—1l-—-m
PX)=]][(xX-a)= > bX". (1)
acs =0
There exists a k € {1,...,q—2m} such that by = -+ = bgim—2 = 0 if and only if F;\S is

contained in yH for some v € Fy and for some proper multiplicative subgroup H of Fy.

Inspecting the proof in [3] one sees that for polynomials of the form (1) the existence
of one sub-sequence of m — 1 consecutive zero coefficients in by, ..., bg/—1 is equivalent
to the existence of (¢ — 1)/|H| such disjoint sequences.

! Throughout this note we shall use the notation F(X)rem(Gy(X),...,Gw(X)) for the remainder of the

polynomial F(X) after division with the ordered set of polynomials (G1(X),...,Gw(X)). The remainder
in general depends on the monomial ordering under consideration. For the cases that we consider, however,
the choice of monomial ordering is of no significance.
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