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Pairings on elliptic curves play an important role in cryptogra-
phy. We provide an explicit formula for vectors of polynomials 
describing optimal ate pairings over cyclotomic family of el-
liptic curves. The explicit formula is simple in that it only 
involves partitioning a certain cyclotomic polynomial. The 
simplicity of the formula allows us to analyze the sparsity 
of the vector.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Pairings on elliptic curves play an important role in cryptography [2–4,6,7,13,17,19,
21,22,24,26]. Thus there has been intensive research on finding good pairings over a given 
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curve, i.e., “allowing efficient execution”, yielding pairings such as Eta, EtaT , ate, atei, 
or R-ate [8,1,11,27,15]. Vercauteren [23] combined the previous pairings into a uniform 
framework, defining a generalized ate pairing, which is described by a vector of integers. 
He also provided an algorithm for finding a vector of integers describing an optimal
ate pairing. The algorithm essentially searches for a short vector in a certain integer 
lattice.

The framework of generalized ate pairing can be naturally extended to a family of 
curves [10,9,5]. A family of curves is described by certain polynomials. Likewise, the 
family of corresponding generalized ate pairings is described by a vector of polynomials. 
A natural problem is to find a vector of polynomials describing optimal ate pairings over 
a given family of curves.

Hess [10] extended the idea of Vercauteren to a function field lattice and suggested to 
use the function field LLL [20], which would return a vector of polynomials with mini-
mal degree describing optimal ate pairings. Zhang–Lin [25] suggested solving a certain 
linear system to find a vector of polynomials describing optimal ate pairings over KSS 
curves [14].

The main contribution of this paper is in providing an explicit formula for a vector 
of polynomials describing optimal ate pairings over a cyclotomic family of elliptic curves 
(see Formula 1). The explicit formula is simple in that it only involves partitioning 
a certain cyclotomic polynomial. The simplicity of the formula allows us to analyze the 
properties/structures of the resulting vector of polynomials, such as degree and sparsity, 
which are crucial information in gauging the execution efficiency of the pairings described 
by the vector.

In a sense, the main result of this paper (simple explicit formula) can be viewed 
as a certain compromise between generality and analyzability. The algorithms due to 
Hess [10] and Zhang–Lin [25] can handle almost arbitrary (pairing friendly) families 
of curves. Thus the methods are high in generality. On the other hand, the methods 
involve long series of computational steps, making the structural analysis difficult. Thus 
the methods are not so high in analyzability. The explicit formula presented in this paper 
can handle only cyclotomic families of curves. Thus it is not so high in generality. On 
the other hand, it is explicit and simple, making the structural analysis easy. Thus it is 
high in analyzability. Therefore, one might view our contribution as trading generality 
for analyzability.

Of course, one should not lose generality too much. In this regard, we observe that 
the cyclotomic families have been heavily discussed in [9] since they can produce pairing 
friendly curves efficiently and also have the chance to provide good performance. As an 
example, [18] observed the advantage for pairing computation of the optimal ate pairing 
over the cyclotomic family with embedding degree 15.

The paper is structured as follows. In Section 2, we briefly review elliptic curves, 
cyclotomic families of curves, and the generalized ate pairings of Vercauteren. We end 
with a description of the generalized ate pairings defined over cyclotomic families of 
pairing friendly curves. In Section 3, we state the problem and the main result precisely. 
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