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In this paper we obtained the formula for the number of
irreducible polynomials with degree n over finite fields of
characteristic two with given trace and subtrace. This formula
is a generalization of the result of Cattell et al. (2003) [2].
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1. Introduction

In the theory of polynomials over finite fields the existence and the number of ir-
reducible polynomials with some given coefficients have been investigated extensively.
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Hansen–Mullen conjecture states that for n � 3, there exist irreducible polynomials of
degree n over a finite field GF(q) with any one coefficient given to any element of GF(q).
This conjecture has already been settled completely and generalized to several classes of
polynomials over finite fields. See, for example, [5,11,12].

In addition to the existence problem, calculating or estimating the number of irre-
ducible polynomials over finite fields with some given coefficients has been studied by
many researchers. It is well known that a formula

P (n) = 1
n

∑
d|n

d odd

μ(d)qn/d

gives the number of monic irreducible polynomials of degree n over GF(q), where μ(d)
is the Möbius function [7]. Less well known is the formula

P1(n) = 1
qn

∑
d|n

d odd

μ(d)qn/d

which counts the number of monic irreducible polynomials of degree n over GF(q) that
have a given nonzero trace [1,2,13,15].

Cattell et al. [2] refined these formulas by enumerating the irreducible polynomials
of degree n over GF(2) with given trace and subtrace. The trace of a monic irreducible
polynomial p(x) of degree n over GF(q) is the coefficient of xn−1 and the subtrace is the
coefficient of xn−2. The result obtained in [2] is that the number of degree n irreducible
polynomials over GF(2) with given trace and subtrace is covered by one of the following
cases:

• The number of trace 0, subtrace 0 polynomials is
∑

k≡2n+2 (mod 4) L(n, k).
• The number of trace 0, subtrace 1 polynomials is

∑
k≡2n (mod 4) L(n, k).

• The number of trace 1, subtrace 0 polynomials is
∑

k≡2n−1 (mod 4) L(n, k).
• The number of trace 1, subtrace 1 polynomials is

∑
k≡2n+1 (mod 4) L(n, k).

Here L(n, k) is the number of binary Lyndon words of length n containing exactly k 1’s.
A binary Lyndon word of length n is an n-character string over an alphabet of size 2
(e.g., 0 and 1), and which is the minimum element in the lexicographical ordering of all
its rotations. It is known that

L(n, k) = 1
n

∑
d|gcd(n,k)

μ(d)
(
n/d

k/d

)
.

In [2], a generalized Möbius Inversion Formula was proved and used [2, Theorem 1].
Yucas and Mullen [14] enumerated the number of irreducible polynomials of even

degree over GF(2) with the first three coefficients prescribed. Fitzgerald and Yucas [3]
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