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Let p be an odd prime, and m, k be positive integers with
m ≥ 3k. Let C1 and C2 be cyclic codes over Fp with parity-
check polynomials h2(x)h3(x) and h1(x)h2(x)h3(x), respec-
tively, where h1(x), h2(x) and h3(x) are the minimal poly-
nomials of γ−1, γ−(pk+1) and γ−(p3k+1) over Fp, respectively,
for a primitive element γ of Fpm . Recently, Zeng et al. (2010)
obtained the weight distribution of C2 for m

gcd(m,k) being odd.
In this paper, we determine the weight distribution of C1, and
the weight distribution of C2 for the case that m

gcd(m,k) is even.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Let p be a prime. An [n, k]-linear code C over the finite field Fp is a k-dimensional
linear subspace of Fn

p . Moreover, if (c0, c1, · · · , cn−1) ∈ C implies (cn−1, c0, · · · , cn−2) ∈ C
then C is called a cyclic code. It is well known that any cyclic code C of length n over
Fp corresponds to an ideal of Fp[x]/(xn − 1) and can be expressed as C = 〈g(x)〉, where
g(x) is monic and has the least degree. The g(x) is called the generator polynomial and
h(x) = (xn − 1)/g(x) is referred to as the parity-check polynomial of C [13].

The Hamming weight of a code word (c0, c1, · · · , cn−1) in C is the number of nonzero
ci for 0 ≤ i ≤ n − 1. Let Ai denote the number of nonzero codewords with Hamming
weight i in C. The sequence (1, A1, · · · , An) is called the weight distribution of C. The
weight distribution of a code not only gives the error correcting ability of the code, but
also allows the computation of the error probability of error detection and correction [8].
So the study of the weight distribution of a cyclic code is important in both theory
and applications. In general, the weight distributions of cyclic codes are difficult to be
determined and they are known only for a few special classes of cyclic codes in literature
(see, for example, [1–3,6,7,11,10,12,14–16,18–24] and references therein).

Throughout this paper, let p be an odd prime and k and m be positive integers
with m ≥ 3k. Let h1(x), h2(x) and h3(x) be the minimal polynomials of γ−1, γ−(pk+1),
γ−(p3k+1) over Fp, respectively, where γ is a primitive element of the field Fpm . To find
the degree of hi(x), i = 1, 2, 3, we need to investigate the length of cyclotomic coset of
1, pk + 1, p3k + 1 modulo pm − 1, respectively. It is easy to see that deg h1(x) = m. We
can verify that deg h3(x) = m

2 if m = 6k otherwise deg h3(x) = m (see Appendix A). In
a similar way, deg h2(x) = m

2 if m = 2k otherwise deg h2(x) = m. Thus, deg h2(x) = m

since m ≥ 3k. Moreover, h2(x) = h3(x) if and only if m = 4k (see Appendix A).
In this paper we always assume that m ≥ 3k and m �= 4k. Let C1 and C2 be the

cyclic codes over Fp of length n = pm − 1 with parity-check polynomials h2(x)h3(x) and
h1(x)h2(x)h3(x), respectively. To determine the weight distribution of C1 and C2, it is
crucial to investigate the value distribution of the following exponential sum

S(a, b) =
∑

x∈Fpm

χ
(
axpk+1 + bxp3k+1),

where χ is a canonical additive character of Fpm , which is defined by χ(x) = ζ
Tr(x)
p , and

Tr(·) is a trace function from Fpm to Fp and ζp = e
2πi
p is a primitive p-th root of unity.

It is known that possible distinct values of S(a, b) for (a, b) running through F
2
pm are

dependent on the rank and type of the quadratic form

Qa,b(x) = Tr
(
axpk+1 + bxp3k+1).

For the case of m
gcd(m,k) being odd, Zeng et al. [21] recently proved that the rank of the

quadratic form Qa,b(x) has only 3 possible values by nonlinear polynomial method, and
then obtain the weight distribution of the cyclic code C2.
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