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In their well known book [6] Tsfasman and Vladut introduced
a construction of a family of function field lattices from
algebraic curves over finite fields, which have asymptotically
good packing density in high dimensions. In this paper we
study geometric properties of lattices from this construction
applied to elliptic curves. In particular, we determine the
generating sets, conditions for well-roundedness and a formula
for the number of minimal vectors. We also prove a bound on
the covering radii of these lattices, which improves on the
standard inequalities.
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1. Introduction

Let L ⊂ R
n be a lattice of rank k � n, and let V = span

R
L be the k-dimensional

subspace of Rn spanned by L. The minimum distance of L is

d(L) = min
{
‖x‖: x ∈ L

}
,
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where ‖ ‖ is the usual Euclidean norm in R
n. The lattice (sphere) packing in V associated

with L is the arrangement of balls of radius d(L)/2 centered at points of L, and the
density Δ(L) of such packing is the proportion of V taken up by this arrangement, i.e.

Δ(L) = ωkd(L)k

2k detL , (1)

where ωk = π
k
2

Γ ( k
2 +1) is the volume of a k-dimensional unit ball. Given a k-dimensional

subspace V of R
n, the lattice packing problem in V is to find a lattice L ⊂ V such

that V = span
R
L and Δ(L) is maximal among all lattice packing densities in V . It is

easy to see that the lattice packing density problem in V is equivalent to this problem
in R

k, where we denote the maximal lattice packing density achieved by Δk. The val-
ues of Δn are currently only known for dimensions 1 � n � 8 [2] and n = 24 [1] with
explicit constructions of lattices achieving these densities. More generally, the famous
Minkowski–Hlawka theorem states that in every dimension n there exists a lattice whose
packing density is � ζ(n)/2n−1, where ζ stands for the Riemann zeta-function. Unfor-
tunately, the known proofs of Minkowski–Hlawka theorem are nonconstructive, and for
arbitrary dimensions constructions of lattices satisfying this bound are not known. On
the other hand, the mere existence of this bound motivated various constructions of
asymptotic families of lattices, one in every dimension, whose packing density comes as
close as possible to Minkowski–Hlawka’s. One such family, which produces particularly
nice results as n → ∞ are the so-called function field lattices, constructed by Tsfasman
and Vladut (see [6, pp. 578–583]).

We use notation of [5]. The construction of function field lattices given in [6] is as
follows. Let F be an algebraic function field (of a single variable) with the finite field Fq

as its full field of constants. Let P = {P0, P1, P2, . . . , Pn−1} be the set of rational places
of F . Corresponding to each place Pi, let vi denote the corresponding normalized discrete
valuation and let O∗

P be the set of all nonzero functions f ∈ F whose divisor has support
contained in the set P. Then O∗

P is an Abelian group,
∑n

i=1 vi(f) = 0 for each f ∈ O∗
P ,

and we let

deg f =
∑

vi(f)>0

vi(f) = 1
2

n−1∑
i=0

∣∣vi(f)
∣∣.

Define the homomorphism

φP : O∗
P → Z

n

(here n = |P|, the number of rational places of F ) by

φP(f) =
(
v0(f), v1(f), . . . , vn−1(f)

)
.

Then LP := Image(φP) is a finite-index sublattice of the root lattice
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