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determine an explicit expression for the primitive idempotents
of FyG. This result extends the results in [1,2,8].
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1. Introduction

Let G be a finite cyclic group of order n and F, a finite field of order g, where q is
prime relative to n. The cyclic codes of length n over Fy can be viewed as an ideal in
the group algebra F,G and each ideal is generated by an idempotent of F,G. By the
representation theorem of abelian groups we know that
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where Cpﬁj is a cyclic group of order p?j and pi,...,p, are distinct primes. In addition,
j

it is well known that
F,G ~ FqCpr R ® FqC’pgr.

From this fact, in order to construct the idempotents of the cyclic group algebra F,G, it
is enough to consider the case G = (), where n is a power of a prime. Observe that the
condition ged(n, g) = 1 is necessary by the Maschke theorem (see [4, Theorem 10.8]).

2. Primitive idempotents: General calculation

Let @4(x) denote the d-th cyclotomic polynomial, i.e., @4(z) can be defined recursively
by @1(z) =z—1and 2% -1 = [L4x Pa(). It is well known (see [5, p. 65, Theorem 2.47])
that if ged(q, d) = 1 then @4(x) can be factorized into rq = % distinct monic irreducible
polynomials of the same degree sq over F, and sq4 = ordgq = min{k € N* | ¢ =
1 (mod d)}, i.e. @4(x) can be factorized in Fy[x] as fa1 - fa2- -+ far,, Where each fq; is

an irreducible polynomial of degree sg, and then

Z‘n—lzl_[Hfs,j.

dln j=1

Observe that if K is a decomposition field of the cyclotomic polynomial @4(x), then for
each pair fg;, fq,; there exists 7 € Gal(K|F,) such that 7(fq:) = fa,;-
By the Chinese remainder theorem, we know that

-~ Fylz] ~ T Fylz]
Rl = T = DD

dn j=1

where the F,-algebra isomorphisms are naturally defined using a generator g of C), as
g— T (T,...,T).

Since each direct sum term is a field, then this decomposition is a Weddeburn decom-
position of the group algebra and each primitive idempotent is of the form (0,...,0,1,
0,...,0). Therefore, if ¢4 ; is a primitive idempotent of F,C,,, then it can be seen as a
polynomial eq j(x) with the following properties:

(1) deg(ea,;(x)) <n,
(2) eq,j(z) is divisible by fq, j, for all (di, j1) # (d,5),
(3) eaq,j(x) —1is divisible by fq ;.

From these three properties, we have the following

Theorem 2.1. Let F, be a finite field with g element and n € N* such that ged(gq,n) = 1,
then each primitive idempotent of F,C,, is of the form
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